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ABSTRACT 


This thesis investigates how to approach the theory of 
integration for utilization by the non-mathematician by 
exposing its essence and by considering integration theory 
from two different points of view. The first point of view 
is via linear functionals known as the Daniell development 
and the second point of view is via measure theory. In the 
first chapter, we develop a theory of measurable functions 
and their integrals without any use of a theory of measure. 
We then use this theory of integrable functions in order to 
develop a theory of measurable functions and measurable sets. 
On the other hand, in the last chapter, we begin with an 
arbitrary meaSure space from which we construct, first a theory 
of measure in terms of set functions, and then a theory of 
meaSurable functions. Finally, we use this theory to develop 
a theory of integrable functions and their integrals. 

The resulting classes of measurable functions and integrable 


functions from the two approaches are exactly the same. 
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eee Ee RODUCTION 


The definition given by Cauchy (1789-1857) is usually 
Benscidered to be the first definition of an integral satisfying 
the modern requirements of rigor. Let f be a continuous 
function on the closed interval [a,b]. Cauchy considers the 
integral sum 


S(P) = £(x,) (x) -x,) Tes so) SF f(x 4) (x)-x ) (1) 


n-l 
where P = {XorXpr-+- eX) ie eae tTOonmer (a,b) 1.e.., a 
sequence of points satisfying the inequalities a = x_<...<x_=b. 


O n 


The inclusion PC Py means that all of the points of the 
Wawtation P are contained in the partition P,- The sums S 
possess a "limit" as the diameter of P, denoted a@(P) +0 which 
is called the definite integral , £ 

But with the growth of Suen the need to consider 
integrals of more irregular behaving functions became manifest. 
In analysis it is convenient to have a generalization of the 
integral which was considered in elementary Calculus and 
introduced in 1854 by the German mathematician Bernhard 
Riemann (1926-1866). Riemann generalized the integral for 
functions f£ defined and bounded over a closed interval [a,b]. 
He partitioned the interval into smaller subintervals having 
lengths Ax,,..+,4x%,. Then he defined the oscillation OE if 


in each Ax; as the difference between the greatest and least 





value of f in Ax;. Next he proved that necessary and 
sufficient condition for the sums §S = 2 £ (x,) Ax; j 

where Xi Swany value Or x in Ax, , E19) ee ee a unique limit 
(so that the integral of f over [a,b] exists) as the maximum 
x; tends to zero is that the sum of the intervals Ax; in 
which the oscillation of f is greater than any given number ec 
muSt approach zero with the size of the intervals. This 
condition is always satisfied if f is continuous over [a,b]. 
Riemann then pointed out that this condition on the oscillations 
would allow one to replace "continuous function" by 
"continuous almost everywhere function" in the previous 
Statement. (We will define the "almost everywhere" concept 
further on in the sequel, but intuitively it means that the 
SereOr POINnts Of discontinuity of f over [a,b] is a set that 
has no length, i.e., a set that does not contain any interval 
on the real line.) 

However, the Riemann Integral lacks some very desirable 


properties. For example, consider the Dirichlet function f 


defined on the real line R as follows: 


a, forex ine 1o.l|] and x rational 


fou (3) 


0. otherwise 


Next let {r,,2 } be an enumeration of the rational numbers 


oe 


in (0,1) and define for each k 





| ‘loa epee iT {r),...,r,3 
fy (x) 
Oc a: fe x ine (0, 1] = {ry,---/r,3} 


tems edsy tO show that for all x in [0,1], lim fy (x) = f(x). 
For each k, thefunction fy is Riemann reas One (07 Li, and 
ff, = 0, but f is not Reimann Integrable because we do not 
have a unique limit for the aforementioned Riemann sums. 

Thus, the nondecreasing sequence {£, (x) } converges to f(x) 
pointwise in [0,1], but the sequence of real numbers 

{ r £4 does not converge to r ie (this latter integral 
does not even exist in the Riemann sense). 

The above property is, however, possessed by the general- 
ization of the Riemann integral introduced in 1904 by the 
French mathematician Henri Lebesque (1875-1941). Lebesque 
was a student of Felix Edouard Emile Borel and a Professor 
pimenemcollege de France, Guided by Borel's ideas and also 
by those of M. Jordan and G. Peano, he first presented his 
ideas On measure and the integral in his thesis, "Integrale, 
longueur, aire." His work considerably improved on Borel's 
theory of measure and will be studied here. 

Lebesque's Theory of Integration is based on his notion 
Pre tegenee | Of Jaroatrary sets Of points on the real line 
Which applies also to sets in n-dimensional Euclidean space. 
It turns out that a fucntion f is Riemann integrable on [a,b] 
Whenever it is LebeSque Integrable there, but the converse 


is not necessarily true. The Dirichlet function f defined 





above, for example, is not Riemann integrable over [0,1] but 
it is Lebesque Integrable there and, in this case , f= 0 
Moreover, once the classical theory of Lebesque aca 
developed for functions from R” to R it is an easy step to 
extend it to functions from R” to C, where C is the complex 
number field. 

In the second decade of this century, integration theory 
penetrated more and more into spaces differing from the 
initial prototype of n-dimensional Euclidean space. These 
departures from Eculidean spaces were dictated mainly by the 
developments in functional analysis. It was awkward to 
associate "integration" of functions over general spaces with 
the properties of the abStract elements and subsets of those 
Spaces, and thuS a new approach was called for. This new 
approach was expressed in the British-American mathematician 
BeveeDantell*s definition of the integral given in 1919. 

The method of development of Daniell is quite general and can 
be used to obtain many types of integrals. We will study his 
approach in the first chapter. In subsequent years, Daniell's 
integral underwent various modifications and a number of 
different versions of his construction are currently available. 

The purpose of this thesis is to study these two approaches 
to integration theory, that of Lebesque and that of Daniell. 
In the first part, the development of the Daniell integral 
will begin with a vector lattice ‘ of real-valued functions 
defined on a nonempty set X, together with a linear functional 


f , called an integral, defined on J From that development, 





we obtain the Daniell integral from which will follow the 
concept of "measure" for an arbitrary point set. In the 
second part, we will begin with the concept of this measure, 
develop its theoretical aspects, and then obtain an integral 
which is identical to the Daniell integral of the first part. 


Thus we will have come full circle. 


10 





ite Pilko ek APPROACH: THE DANIELL INTEGRAL 


me INTRODUCTION 

THe development of this chapter begins with a vector 
lattice Sot real-valued functions defined on a non-empty 
set X and a linear functional f , called an integral and 


j 
defined on HA Satisfying the following properties: 


1) Pee andr £ > 0, then iene. 


5) a ite is a non-increasing sequence of nonnegative 


functions in and lim Ey (x) = 70 for atl x in xX, 
then lim Jf fy =". 
Ke 


The vector lattice Jee this development takes the role 
of the vector lattice of all Riemann integrable functions 
whenever the non-empty set X is some n-dimensional Euclidean 
space Baoe 

Through the concept of a "null set" we will extend the 
vector lattice of Daniell Integrable functions Peonintsice) 
the class of all Lebesque Integrable functions whenever X is 
R. Next, we extend to NM a vector lattice which is the 
algebra of "measurable Put lS in such a way that every 
sequence {£3 of functions in ACconverges eee eto a limit 
Sunction £ belonging ca. However, the class a does not 
have that convergence property. Finally, from the notion of 


a meaSurable function, we obtain the concept of measure 


for an arbitrary point set. 


ei 





Zo vECrOR LATTICES 

To begin, we need some basic definitions and elementary 
facts that will be used throughout the thesis. 

A metric Space (X,d) is a non-empty set X together with 


a metric d defined on X such that: 


4+ 
ae. Xk > KR 


Sme@mLOreall! x;y, Zin X the following properties hold: 


ee ot=yy) > 0 “and d(x,y) = 0 if and only if x = y; 


2) Git, y) iy i: 


3) aGery) = a(senz) BS d(z,y) 


Properties (1), (2) and (3) are called, respectively, the 
positive definite, symmetric, and transitive properties. 
pnbesdrameter Of a set E in a metric Space (X,d), denoted 


by d(E) is defined as follows: 


ae) = supid(x,y): x,y in E} 


The diameter of a set may be finite or infinite. If d(E) is 
finite, then E is said to be bounded. 
The distance between two sets E and F, denoted by d(E,F) 


is defined as follows: 


dir) = inticdix,))-awein Eb and y in F} 


14 





For any pont x in a metric space (X,d) and any positive 
real number r, the open ball with center x and radius r is 


defined to be the set: 


Biewsm) — ty: d(x,y) < xr} 


If E is any set in X, we define: 

x 2S an interior point of E if some open ball with center 
x is contained in E; 

x is a boundary point of E if every open ball with center 
x contains at least one point of E and at least one point 
of -E, the complement of E. 

x is an exterior point of E if some open ball with center 
x is contained in -E. 

The set of all interior, boundary and exterior points of 
E are called, respectively, the interior, boundary, and 
exterior of E and are denoted by Int(E), Bdy(E) and Ext(E). 

Gllearly, Int(E), Bdady(E) and Ext(E), constitue a partition 


of X; that is, they are pairwise disjoint and 
X = Int(E) U) Bay (E) |) Ext (E) 
If E is a set such that E = Int(E), then E is said to 
be open. 


A set E is said to be closed if its complement is open. 


If E is closed, then -E = Ext(E) or, E = Int(E) U Bay (EB). 


108 





Mins a set 1S Closed if and only if it contains all of 
its boundary POints. 

Any open set which contains A is called an open neighborhood 
of A. Any set containing an open neighborhood of A is called 
a neighborhood of A. Clearly, an open ball with center x is 
an open neighborhood of x. Also, if N is any neighborhood of 
x, then there exists an open ball B(x;r) such that Bien ae) Ne 

Pepotite seine <sis the limit of the sequence of points 
{x} in the metric space (X,d), written ses Keli be OY 
Simply lim x = oem lio tor each € > 0 nee exists a positive 
integer No such that d(x, ,b) Se whenever ly 2 no: Ei1s 
also said that x, converges BOD. 

Let (X,d)) and (Y,d,) be two metric spaces. A function f 
meemex tO Y 2S Said to be continuous if for every cpen set G 
in the range ec ae) is open in the domain, where 
£1 (Gc) = {x: f(x) is in G} 

A vector space with a multiplication property related to 
the vector space operations is called an algebra. Let us 
be more precise. 

An algebra is a linear space X with an operation, called 


multiplication, from X xX into X which has the following 


Peepertiesstor all x;y, Z2 in X and a in the field F: 


meee Gz) (xz) 2; 
2) x(yt+tz) = xy + xz and (xty)z = xz + yz; 


3) a(xy) = (ax)y = x(ay) 


14 





If the multiplication is commutative, then the algebra 
is called a Commutative algebra. An algebra X is called an 
algebra with unit (identity) if there exists a nonzero 
element in X, denoted by e and called the multiplicative 


unit or identity, such that for all x in X 


A relation AR in a set A is called a partial order in A if: 


ese @ia ls for all a in A; 
2) aR®b and bRa imply a=b; and 


Bia sb and b Rc imply aRe 


A non-empty set A with a partial order defined in it is 
Salted a partially ordered set. 

Let f be a real-valued function defined on a Set X, and 
let A be a non-empty subset of X. The the least upper bound 
(respectively, greatest lower bound) of the set £(A) in R* 
is called the least upper bound (respectively, greatest 
lower bound) of f in A, and is denoted by eUe £ (x) 

XE 


(wespectively, inf f(x) ). 
XE€A 


The number a = sup f(x) is characterized by the following 
xeA 
two properties: 
eeon all x an A, £{x) “a 


2) For every b <a, there exists an x in A such that 


be f(x) <a. 


15 





It can be shown that 


iene =e Stp(—f (x) } 
xcA xeA 


A lattice is a partially ordered set in which any two 
elements have a least upper bound and a greatest lower bound. 

The least upper bound of the elements a and b is denoted 
by aVb (a sup b) and the greatest lower bound by a/b 
(a anf b). 

A set which is both a linear space (i.e., vector space) 
and a lattice is called a vector lattice. 

Men Ge a vector lattice of real-valued functions defined 
On a non-empty arbitrary set X. Let us consider a linear 
functional f, called an integral, defined on ue and satisfying 


the following two properties: 


ime if f is He Gna Pp ecien.) £ > 0 » 


Zo if {f} is a non-increasing sequence of nonnegative 
functions in J and lim fy (x) asOrnor all x in X, 
then lim f f= 0. 


if £Or g and hwein ee we define 


Capa) (x) min{g(x) ,h(x) } 


(g Vh) (x) = max{g(x) ,h(x) } 


then gAh and gVh are the greatest lower bound and least 


upper bound, respectively, of g and h. 


16 





Also, the following formulas hola: 


gAh 


nye = 


(g + h = |g-h]) 


(gateh + |g=h)|) 


(1) 


(2) 


To prove (1), there are two cases to be considered: 


ef eeeo en, then the left hand side gives 
(gAh) (x) = min{g(x) ,h(x) } 
= h(x), for every x in X 
and the right hand side gives 
i mek 
mig t ho = lg-h!) (x) = x(g(x) + h(x) - (g(x) -h(x)) 
= u v ) 
a 2 2h (x) 
= his) pefor every x in xX. 
bpeett  @ < ih , then for all x in X 
(gA h) (x) = min{g(x) ,h(x) } 


a(x) for 


On the other hand, 


dig +h - [g-h]) (x) 


which proves (1). 


every x in X. 


S(g(x) + h(x) - (h(x)-g(x)) 
> 2g(x) 


GO) efor every x in X 


17 





By a Similar argument, we obtain (2). 
It is not difficult to show that the following properties 


hold: 


If f, g and h are ime then 


£Ag = -((-£) v (-g)) (3) 
eet) (rg)) (4) 
Pevagn im) = (f Vg) A (£ Vv h) (5) 
(EVg) Ah = (£Ah)V (gAh) (6) 


Also the following result is an immediate consequence of the 


Geftinition: 


ff lim 9, = g and lim hy =h , then 


lim(g, A hy) ai hab and lim(g, V hy) aaaee AV Ano 


Now, Bitce 1 ie a vector lattice, for each g in ited 


we define 


FP Soy ome anal. g” = - (giN'0) 


+ - va + 
Bniened sand q belong tom. Observe that g > 0 and 


g > 0. By an above argument 
+ 1 
Tes UG) 2 9) 
and 
- 1 o 
ce 5 (151 = 4) 
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From these results, we obtain the following formulas: 
—_ + as 
SS = and sie = c+ ome. 


Let £f be an extended real-valued function on X, and let 
a be any real number. We define the functions af, atf, 
[e|* , respectively for each x in X by the formulas 


mes), «6a t ftx) , J£(x)|* . 


Cee NULL SET 

For the integral there are certain sets which are 
negligible in some sense. Sets which will be negligible 
with respect to Daniell Integration can be characterized in 


e . ‘a e 
terms of functions in se we now define. 


See DEFINITION. A set E in X is said to be a null set if 
there is a nondecreasing sequence {g, } of nonnegative functions 
in Y such that {gy (x) } diverges to ~ for each x in E and 


{ fg,} converges. 


fiea Proposition P(x) hols for all x except for a null 
set, then we say that P(x) holds Almost everywhere (abbreviated: 
mor a.a.X) . 


The following result is very useful. 


3.2. PROPOSITION. The countable union of null sets is a 


eG ee er eS 


null set. 


Ny 








PROOF: Let {E, ~l be a Countable Collection of null sets. 
k=1 , 
Then for each k, there existS a nondecreasing sequence 


{a,5}" of nonnegative functions in Varenen that {Gy 5 (x) J 


j=l co 
diverges to ~ for each x in Ey and { FG} converges. 
j=1 


Let M. = ae sf Shes meByY property (1) of ore that { $9.5} 


is a nondecreaSing sequence of nonnegative real numbers. 


Hence, for each k, there exists n(k) Such that 
emcee 2 “if ieeg > n(k) 
Mm. kj — g 


Define the sequence {heat where Sh at = dg. ash eyea © 


Glearly, tes is a nondecreaSing sequence of nonnegative 


“a 
Eumecticns in Ysuch PoommlGuans);eaiverges tG « for each x 


kj 


ime and { fg os i converges (monotonically) to M,. Also 
k kj j=1 k 


for each k 


Me ~ S Ses < pe ec weld) = 1,2,3,... 


co 


Next, for each k define the sequence {hy 5} where 
yell 

Deg = 9x5 7 9k,1 ~ Ik n(k)+5-1 7 Ik,n(k) . 

Then {hy 5} is a nondecreasing sequence of nonnegative 

j=1 | 
functions in ft Moreover {hy , 0 diverges to « for each 
j=1 

x in Ey (because cine does), and for every j, 


A Aa nw = 
rte 4° a eR 


20 





therefore, the sequence { /f hy} converges. 
ja0 


Finally, define the sequence 


Observe that for each m, ho is in Se 
CLAIM: {h_(x)} diverges to ~ for each x inE= U k& 
m : ee 
Let x in E so that x is in E, for some k. Then thy (x)} 
diverges to ™ so that for every poSitive r > 0, there 
exists n(r) such that hy (x) > ete ) jie (ie )ieeeNOwW choose 
Meocuen that m-> max{k,n(r)} . Then 


Pe 


> 
ll 
lms 


CLAIM: The sequence {Jf ny P converges. For each mn, 


So 
m m _ oo % 
oe Me Sa <2) < E 2a 1 
Also, since {hy ste is a nondecreasing sequence of non- 
Die 


negative functions, th} is also a nondecreasing sequence 


22 


of nonnegative functions. Thus, eb ste) is a nondecreasing 
sequence of nonnegative real numbers that is bounded above; 


hence converges. Therefore E is a null set. 


Next, we will show that the Jimit of the integrals of a 
sequence of fucntions that approach zero almost everywhere 


momitself zero. 


Bmge) PROPOSITION. If Gee is a nonincreasing sequence of 
Hem@negative functions in Y ana lim f(x) = 0 for a.a.x, 


Enen lim fs fy = 0 


Pheer: For each x in X, {£, (x) } is a nonincreasing sequence 
bounded below by zero, and hence converges. Thus, let 

f(x) = lim fy (x) = 0 for a.a.x as in the hypothesis. Set 

E = {x in E: f(x) # 0}, so that E is a null set. Thus there 
exists a nondecreasing Sequence {g,} of nonnegative functions 
ari ¥ such that {gy (x) } diverges to » for c in R and f{ fg} 
converges. Let c= lim f Ths We consider two cases: 

c>0O and c= 0 (ec should not be negative by property (1) 
of Yin Section 2). 


A 


If c>O, let e > 0 be arbitrary and set gq. = == = a 


A 
Then {g, } is a nondecreasing sequence of nonnegative functions 


in ce Define hy = fy Se + Since fad < fy and 


£ Thus, {hy } is a 


Sra ee S 


“Sk+1 * “IK k 9k 
; , : : Lf Ge 
nonincreasing sequence of functions in because is a real 
: +, , . 
linear space. Also, eae } is a nonincreasing sequence of 


nonnegative functions in we Now, 
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° A A 
Mec — gn = (£, - g,) Vo 


hy 
Boer if x in E, then lim hy” (x) = 0 since 
im (=Ge4x) ) = =o 


If x in X-E, then 


Lim h,*(x) = [lim £,(x) = lim g, (x)] V 0 


- lim g, (x) V0 = 0 


A 
since J, is a nondecreaSing sequence of nonnegative functions 
According, to 


Thus, lim(h,) (x) = 0 for every x in X. 


Rule (2) of on Section 2, then 


= 


eri hee = 0 


ttetollows, that lam J hy < 0 


: + 
Since hy < hy 


Hence Pam fi (f£.- 9) SU 


° A fs = , € ae 
Or sry ae fy ns Shes 1am 7 ca) ae 


f, for 


[A 


because integral is a linear functional. Also 0 


every k, so we have 


O< lim Jf fy oe 


Since e¢ > 0 is arbitrary, we conclude lim f fy = 0. 
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Banally, 1f c= 0, set hy = oes Sy and repeat the 


above procedure. Then we obtain, as before 
lisbuvaes (f, = 3) < 0 
k 
or 0 < lim f tL eli g. = 0 


ameeche conclusion still holds. 


6 
The following proposition provides us with the key 


theorem needed to extend the definition of the integral to 


a class of functions larger than the vector lattice oe 


3.4. PROPOSITION. If {g,} and {h,} are nondecreasing 
ete) ey! SM iy SES 


* Ld {7 ° e 
sequences of functions in Y such that lim G, (x) < lam hy (x) 








for a.a.x and { f 9,3 and { f hy} are bounded, then 


lim fg, < limf hy 


BROOK. For a fixed positive i, {g; - hy } is a nonincreasing 
sequence of functions in since th,} is a nondecreasing 
sequence of functions care Since Sis a vector lattice, 
(g; = Hee) = (g, - hy) VQ also belongs to J. Since {g,} 
and th, } are nondecreasing and limg, < limh, a.e., for 
a.a.x, there exists k (x) such that for k > ko (x), 

g; (x) S hy (x) < lim hy (x) = h(x). Thus, for every k > ko (x) 
gi (x) - hy(x) <0, then [g;(x) - hy(x)]” = 0. 


fe 
Hence, lim [g,; (x) - hy (x) J =“) for a@.a.x. 
k f 
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By the previous proposition 3.3, we have 


lim i (g. aT as = 0 
Ke 


k 


: + , . 
Since g,; - hy (g, = hy) implies a uf igan hy) i= 0 


Therefore, Jf Gg; < ams J hy for every i. Since this 


inequality holds for every integer i, thus 


seein 1g G, x Pani, hy 
4, EXTENSION OF THE INTEGRAL TO we 
The development of the preceding section will now be 
extended from the integral of functions da le a larger 
class of functions. This development will be accomplished 
in two stages and the material in this section represents 


the first stage. 


fee 6 DEE INITION. TS eee the set of real-valued functions 
g defined on X for which there is a nondecreasing sequence 
{g,} OGflfunctIoOns in vac that lim G(x) =<) | wiOr a.alx 


and the sequence {fg} is bounded. We define 
fg = lim fs 3. 


Since { fg} is a bounded nondecreasing sequence of real 


numbers, then it converges. Next, because Proposition 204, 
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the definition of fg is independent of the particular 
sequence {gy} Gre rinet2ons in if Therefore the definition 


of fg is well defined. 
a , 
meee EROPOSITEON. Jf g and h are in f ana a iS 7a nonnegative 


real number, then gth and ag are in J ana 


Peewee sg +s oh Sand fag=alsg 


PROOF: Let g and h be in vi then there are two nondecreasing 
sequences {g,} and {hy } of functions Seg mete that 
lim 9}, (x) = g(x) and lim hy (x) = h(x) for a.a.x , and the 


sequences { fg} and { Sh, } are bounded. Moreover 
fh = lim f hy and fi g2=— lim J Dy 
The sequence i{g, + h, } is a nondecreasing sequence of 
(f 
Egnetions, in } since {g, } and {hy} are so, and ote a vector 


iattece. Also 


lim(g, et hy) (x) = lim gy, (x) se dhotad hy (x) for. a.a.x 


g (x) “hs fOr aaa.x 


Because the integral On ae aelinear functional it 
follows that 


f (gy nT a if g, + i hy 
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Hence the sequence { f (g, + hy) 3 is bounded due to the 
bounded properties of { fg,} ana { fh} . For that reason 


we have that g+h _ belongs to Vay and that 


~Ng +h) = lim f (g, + h,) = lim (fg, + f h,) 


fan g, + lim f hy 


ig =e teen 


Next, if a is a nonnegative real number then fag, } 


is a nondecreasing sequence of functions in ane 
lim (ag, ) =a lim G, = ag EO acaax 


Since { fg} is bounded then {fa / gq) = 2 ag eis 


bounded. This shows that ag is in ~ and 


fag = lim fs ag, = a lim if J}, afg 


4.3. PROPOSITION. The class yee a lattice. 


w/ 
PROOF; Let g and h be me Then there are two nondecreasing 
sequences tg, } and {hy ote funet 1ons in & such that {Sg} 
and { fhy} are bounded and {g,} and th, } converge almost 
everywhere to g and h, respectively. We will show that g/fAh 
is ie Se Mresproot that gVh is in Uae Similar. 
Clearly, {g,A hy} is a nondecreasing sequence of functions 


ect Since g, (x) A hy (x) s G, (x) then oe hy (=) < f gy, (x) 


2a 





by Proposition 3.4. Hence, {J (g,Ah,)} is bounded. 


By (7) of Section 2, we have 


lim(g, Ah,) lim g, \ lim h, 


gAh fOr = discs x 


vv 
Thus, by definition g/Ah is in a 
t 


a 


4.4, PROPOSITION, if g and h in J and g (x) < NG Lor 


a.a.x, then 


eG oe hh 


Fad 


PROOF: Let gq and h be in Pana a(xjme< htx) for a.a.x and 

let tg) } and thy, } be nondecreasing sequences of functions in 
Scuch that { fg,3 and { f hy, I are bounded and lim g, (x) = 
cieomeand lim hy (x) = h(x) for a.a.x, by definition we have 


fg = limsSg, and fh = lim sh, 


emcee g(x) < h(x) for a.a.x then lim Dy (x) < lim hy (x) 


for a.a.x. By proposition 3.4, we have 


Hege.= lim fs J. < am Re =: Ia 
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Let g be any element ae Then g is a limit of a 
nondecreasing sequence {g,} Sf functions Parcre 
g(x) = g, (x) for every x in X and every k. The sequence fg} 
satisfies one requirement of definition 4.1. Thus g is ine 
iia S86 in J, it is obvious that its integral as an element 
of FS agrees with its integral as an element of oe 

Also, if g is in J’ and g = h almost everywhere, we will 
show that h is in ¥ ana fge=—vTh ~ indeed, Let {g,} be a 


nondecreasing sequence of functions in / such that 


lim g, (x) =<) rorod,a.x. Let Ey be a null set on which 
lim gy (x) = g(x) is false. Now define £, (x) = Gg, (x) and 
mieoe— g(x) if x is in X-E, and fy ae UX) ) Or <7 Eo, where 


BE, mena null set. Thus ie is a nondecreasing sequence of 


functions in JS according tO definition 4.1. This implies 


that f is in./ana lim Ss a Ji. Moreyver, then J £ = J g. 


In general if g is in, we can not say that -g is in 


~ 


oF 


because the sequence {g,} defined in definition 4.1 such 
that Jim gy. (x) = g(x) for a.a.x, gives Fa ee, = -—g (x) 
for a.a.x. However, the sequence {-g} is no longer a sequence 
of functions satisfying the requirements in definition 4.1. 
Thus ¥ is not a linear space. At the next stage we will embed 
fin a Space that is a linear space. £ 


The following is the basic convergence result re 
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4.5. PROPOSITION Let {g,} be a nondecreasing sequence of 

functions in .’ such that { J g,} is bounded. Then {g, (x) } 

@enverges for a.a.x and if x) elim 9, (x) for a.a.x then 
k 


g is in / and 


fg= lim f/f Dy 


PROOF: For each positive integer k let {3.5}. be the 
j= 
sequence of functions required by the definition for eine 


the following tableau: 


eee 712 * * * Sim * * * «= 6 Fin = 34 
Joy,  Y92 32m S2n as a5 
Sin} Im? SAN © 4 Sam Oo 0 4 Sion s Im 

If we define ae = gin Sipe anees Ni Chee , then Qe is a 


nondecreasing sequence of functions an oe Sanece for alll 4, 


G5 (*) < 9, (x) for a.a.x it follows that 
(4.6) h,, () ss J, (x) V Jo (x) Veen Vg. (x) = 9, 6x) 


Gomma-a.x and, therefore, fh, < /g, 
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This shows that { Jf h,} is bounded and, hence, converges. 
From the definition of a null set on which th} diverges to ~, 
ray: must then converge almost everywhere (except on the null 
set). 

If we let h be a function such that h(x) = lim h,, 6%) 

m 


for a.a.x, then h is in Lana fone = lim J ha 


foreeech, kK and for m > k we have: 
Tym (*) 5 Ay (x) formal x 
and therefore taking the limit with respect to m, we obtain 


= 2 gy, (x) ‘s a h (*) = whi) Or asia sx. 


Thus, {gy} is a nondecreaSing sequence. It foliows tnat 
the limit with respect to k exists for a.a.x. 

Moreover, lim gy (x) Sex) oentx) fOr a.a.x, Also by 
(4.6) we have h(x) < g(x) for a.a.x. Thus g is in Ff ana 


jeoge= fh . Since 
ho) = Ty 6X) < h(x) fOr aa ox, 

propoaition 4.4 implies that Jh, < Ip Guns Peni fOr all 
fh = limsfh, < lim Jog. “= oh 


lghe ts fg = lim f Jy 


eonpleting the proof. 
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The following result is an immediate consequence of 


Proposition 4.5 and is sometimes more convenient to apply. 


M7. COROLLARY. Let shy} be a sequence of nonnegative 


functions in ¥ such that { i » hy} is bounded. Then 
Soe alee, eee k ee eee ou 


oo [oe] 
DB hy (x) Cenverges for a.a.x and if g(x) = 2 hk, (x) for 
= eS eS a ea ee 
k=1 k=1 
ie 
cee, then g is in / ana fg= 2 fh, 
k=1 
m 
PROOF: Let g. = £ h,. Since {h,} is a sequence of 
™m | k - k 


nonnegative functions Sa aber {g_} is a sequence of 
oe m 
nondecreasing functions in oe 


m 
Now tee) Ap a: hy} so { Jf Cea) is bounded since 


k=1 
m 
op ads h, is bounded. By Proposition 4.5, g(x) } converses 
k=1 " 
Eeiemaja.x. Thus, » hy (x) converges for a.a.x. 
k=L 
Let g(x) = lim g,, 6x) = hy (x) forraua.x. BY (4.5) 


@ is in ana 


m 
§g=lim/sg,= lim fi on hy 
m el 
m 
= lim Ros hy 
m k=l 
= y f h e 
k=1 © * 
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5. THE DANIELL INTEGRAL 
SE 


Since the difference of two functions in eeea not be 


in 7, the class S is not generally a linear space. We next 


define a set which contains SO yee is also a linear space. 


PR DEFINITION, Let &< be the set of all real-valued 


functions f defined on the nonempty set X such that f = g-h 


a.e. where g and h are in SE ; 


The Peo us called the set of Daniell Integrable 


functions on X and the Daniell Integral of f is defined as 


follows: 


f-& = fog = fh 


To justify the above definition of the integral, suppose 


P—wde- nh a.e. and f = 9, 7 hy a.e. where g, h, rT and hi 


are nies. Then 
g+h, = 9, +h ae. 


Therefore {[g +f hy ae) Ag tha) J (gy ol) 


Then fog) =— Yeon. = 9, 7 if hy 


See gaed 2. i 


Note that if fi is in “and f. = fy a.e. then f. 2S in oa 


and f fi = f f.- Also, &Yis a subset of &. If f is in 


~ 


¥, then its Daniell integral clearly agrees with its integral 


as an element of %. 


Boe 





We now consider the basic properties a6 ee well as 


the integral ever 


mmm mn 


ed 


PROOF. Let g and f be in bos and let a be an arbitrary real 


number. We will show f+ g and af belong core and that 
Perro. = Sf £ + f g anda) at = a fet. 


Since f£f and g are Dione have f = f,-f, and g = 91-95 
a.e., where fj), f,, Ty and g5 are in J, and sSfef a f f., 
andfg=f ga = i Go - 

Now, {tg = (fytgy) = (L,+9,) ce. 

Beeeroposition 4.2, it follows that fits, and £,+g> are in 


oe 


¥, Therefore f+g is in &, 


Also 
Jf (Sieg) Vase (£,+9,) - f (f£,+9,) 
= f f, eS ea (mE f, + if 55 ) 
= CE Ea, f.) + (fg,-J 35) 
=f f tal -g 
Likewise, af = a(f,-f,) = af, - af. a.e. 


Tre a > 0 , then af, and af, are in &, Thus af is in &. 
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a 


mera <- 0 , then (-a)f, and (-a) f, are in &, and 
ae af, - af. = (—a) £, - (—a) fy a.e. 
Thus in either case af is in ¥. 


Also for a > 0 


faf=f a(f,-f,) = f (af, - af.) = f af, - f af, 


alf, _ aJf, sc! (f f, - f f.) 


= aye. 


Similarly for a < 0 


vat 


i (-af, = (-~a) f,) ae (-a) f, - Jf (-a) f, 


=-asf,+a/ft, ae = f.) 


Zi 


=aJf 
and the proof is complete. 


5.3. THEOREM. The space Vis a lattice. 


PROOF. Take g and f aie and suppose f = f,-f, aver; 


where fy and f., are in Ce Then f£, Af, and f,V £. are in 


£ since as a lattice (Proposition 4.3). Recall that 


£,/ f. = 


NS) fle 


ets | foe 


Ne 


and oa 


1 2 (f, ae ot: 


Feces |) 


2 dt 


5) 





Hence, we have |f] = |f,-f5) = (£,V Ge) = (Bena se) 
aee., therefore, |f| is in & From this result and Theorem 


5.2, we have 
a_i pel 
eet g — |f-gi) and £Vg = = (f+g + |£-9|) 


both belong Pee et biceing the argument. : 
Theorem 5.2 and 5.3 imply that Lis a vector lattice. 
Note too that in the proof of 5.3, we have shown that if f 


is ing, then |f| is also in Sa) 
9.4 QHEOREM. If f is int and tj 2 0sa,e. then’) £ > 0. 


PROOF. Let f = g - h a.e. where g and h are ae Then 
fe w0ea.c. implies that g-h > 0 a.e., thus g > h a.e. 


Hence, by Proposition 4.4 
fog > fh 


Mecerdingly, ff=fg-fh>0. 
| 


Using the results of the previous theorems we obtain the 


next three Corollaries. 


Bm COROLLARY. If f£ and g are in andeiesidea-c., then - 


Mec Sg . 
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PpoOr. Since f < g a.e., then g-f > 0 a.e. 
By Proposition 5.4, we have fg - f £ > 0. 
Thus 


feces fg... 


i 
PPCCHOLLARY. If ¢ is in &, then [£| is inf ana 


Meci< / [tl . 


Preor.,) in the Proof of Theorem 5.3, we have shown that if 
mis in ae then |f| is also bn es 

Now, since f < |f| , then according to Corollary 5.5, 
fete [| fi 
Thus 


esi! ele 


By Theorem 5.4, since |f| > 0 implies JS |f£| >0 , we have 


| sft] < sf |f£| as desired. 
8 


oe) COROLLARY. The function f is ine if anc only @it a 


and f£ are eet 


PROOF. Suppose f is in se them Dyeecorotlary 5.6, |£| is 


in Oe In Section 2, we have shown that 


+ 1 | Pre 4 
ee | | cee) and fe ee |e || a) 


, , + <_ ' 
Mina. is a vector space, then f and f are fe. 


Conversely, let £" and £ be re ot In Section 2, we have 


Shown also that f = f° - £". 


mins tf 1S in. 
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6. SOME CONVERGENCE THEOREMS 
Before proving the basic convergence theorem for functions 
in &, which is due to the Italian mathematician Beppo Levi 


(1875-1961), we observe the following very useful result for &. 


6.1. PROPOSITION. Given any e€ > 0, there exists functions 
feewand h' in J such Peewee = 99 1 7g 12 OPsand. h* 2 0 


omen, anad fh" < e. 


PROOF. Suppose f is a nonnegative function in de and f=g-h 
Pe ~— 

a.e. where g and h are in ue Since h is in & there isa 

nondecreasing sequence th, } of functions in / such that 


lim hy, (x) = Go fLOLea.a. and lim f hy —) Siee Chis .. £Or 


every € > 0, there exists an integer Ky such that 
mc eh = J h, < € whenever (kK 7 ko. 


Now, let h' =h + (-h, )Wand  g° = g¢g + (hy, ) 
O oO 


nT a in ye A then h' and g' are in Y py Proposition 
weeeeand £ = g'-h' = g-h a.e. Moreover, h' > 0 a.e. by 
the definition of the sequence {h,}, and O<Jh'<e. 

Also g' = h'+f a.e. implies that g'> 0 a.e. concluding 


the proof. 
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6.2. THEOREM. (LEVI) Ter {f, } be a sequence of functions in 


i a SES 


Y which ‘are nonnegative a.e. such that tfr ae iS 
2 22) eee Eades hE =a ce 

bounded. Then ii £, (x) converges for a.a.x and if 

———- e a ah —— a —— : —— —— 





f(x) = £ fy (x) for a.a.x then f is ae ana 
k=1 es ar nae asian 


PROOF. For each k, we represent fy = he ae a.e. where Sh 


h, are nonnegative functions in Y ana fi hy < = by 
2 


k 
Proposition 6. 1. Since {hy } is a sequence of nonegative 

m 
functions in (eR thats ej en hy “ete tOreal! m,.COrol Lary 
k=1 a 


im 8 


4.7 implies that hy (x) converges for a.a.x, and if 


k=1 


8 


h(x) = ¢f hy (x) “for a.a.x, then h is cee ener 
k=1 


fh= £ fh 
k=l 


lms 


‘f 
a 


Now, Since {f/f is bounded, there 


. } 

k k k 
m 

meme real number c such that / 2 fy <mo etOrn al lem. 

k=1 


Moreover, let oi fi. th, so that 


™m ™m ™m 
ee  o. = Jr. tt to een Sen 
= =) k=1 


Therefore, we again appeal to Corollary 4.7 obtaining 
that 9}, (x) converges for a.a.x, and if 
c= 


be 


g(x) = gy, (x) for a.a.xse then g is ee cana 


im 8 
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a m m m 
mea & Sg Since Peete A, ge = eh it follows 
k=1  * ket © x=7 “KK yey 
: [oe] [oe] 
fmat tS Of GOnVerges fOr a.a.x and if f(x) = “5 fC) 
i= 1 k cau k ’ 


then f = g-h for a.a.x where g and h are ie thus f is 
any eal 


Pinaidiy, Sf=fg-fhe= f 


\We have the corresponding results for sequences. 


6.3. COROLLARY. (Monotone Convergence Theorem) 
Let {g,} be an a.e. nondecreasing sequence of functions 
in £ such that { J g,} is bounded. Then {g, (x) } converges 


femeadea.x and if g(x) = lim gy}. (x) dea. xX, enlen gd 15 in and 


fg= lim f or 


PROOF. Let fy SO Sees, POMC seen Let. fy = 9): Then 


{f,} is an a.e. nonnegative sequence of functions ae 


Since f 
k 


lung 


' fy, = fGen Sys 2 Satl 7 fg 


y) 
Now Jy is wade ee let c= f J, Then 


P=] {fg } - c 


ma 2 
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m 
Since, ese! is bounded, it is clear that {/f f f£ 


} 
ie k=1 x 
is bounded. By Levi's Theorem, 2 £,. (x) converges for 
©0 k=1 
a.a.xX and si = ]i ee 
ele Xx nce oes fy. (x) lim Taty (*) gy (x) £OY a .a.x 


Then the limit of g(x) exists for a.a.x and {g, (x) } converges 
mor a.aA.X. 


Also, by Levi's thoerem, if f(x) = fy (x) £OG Gawa.x- 


i 1 8 


koe 


then f is ee 
If g(x) = lim gy, (x) for a.a.x, then g(x) = £(x) + Gy (x) 
aoeed,a.x. Since f and J, are in aie then g is ee ana 
fece— f £ + f Sy 
Finally, by Levi's Theorem we have 


eG i Ey nz Jy 


k- 


| 
ni 
tm sg 


slaty JF ae 
E 
In corollary 6.3 the same conclusion holds if ig, } is 
an a.e. nonincreasSing sequence. The following example shows 


that the condition that the sequence {g, 3 be monotone is 


needed in the previous result. 


Example: For any positive integer k let fh. be the 


function from R into R defined by 
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Doe sere fi Seg uss 


fi. (x) = 


0 otherwise 


It is clear that {f,} is not a monotone sequence of functions 


ioe t (x) = me £, (x) = 00 then f f is unbounded. On the 


Other hand 


(Ca eee OPS Teg = 1 for allk 
2 


Soe lim f £, a8 
k 


Thus ee 2 Tam: f ee : 


heem the Gefinition Of an integrable function, it is 
clear that the null set is insignificant in Daniell 
() 
Integration. More precisely, if fy is fae ond fy = f. a.e., 
Prue _ 
then f. is in & ana i fy = f f,. 


We next show the converse: if a set is insignificant 


with respect to integration, then it is a null set. 


bee PROPOSITION. If £ is in ana f |f| = 0, then 
ee a. SC . 


PROOF. Suppose f is in ee Let g, = k|f| for each integer 
k. Then {g,} is a nondecreasing sequence of fucntions in & 
euch that { fg} is bounded. Therefore, by the Monotone 


Convergence Theorem, {g, (x) } Gonverges fOr a.a.x. However, 
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x) = k|£(x) | converges only at those points x such that 
f(x) = 0 a.e. (if not so, gd}, (x) diverges to ») concluding 


the proof. 


The next reSult characterizes the concept of a null Set 
in terms of the Daniell integral of an appropriate function. 


We need the following definition. 


For any Subset E in X, the Characteristic Function Xp 


@@ E is defined as follows: 


oe tor SINE 
0 , otherwise 


We will establish the following formulas. 


ee) Eve. Kenan ES 

(2) XE NE, Xe, A XE, 

(3) Xp -E, = Xp, 7 OX, A Xp.) 
PROOF. 


(1) For every x in E, VE, 


X (x) = 1 ang. yan Yoauntx) == al. 
EWE, ET 


Nemeevery xX in X - (E,VE,), then 


Xp vB, = Og, xe) = 0 
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(2) For every x in E, EF, 5 elevate 
X eos) Gand jay Xn =l 
E\NE, E, A E5 
For every x in X-(E, E,) , then 
x Cee (yea y= J4x) = 0 
EE, Ble 8, 


Hence, 


ae Ty x 
E, E, ae ES 


(3) For every x in E,-E,, implies x is in Ey bue noe 


in Eo, then 


and ( SY a Xn ee) = 
XE, By 


For every x in X- (E,-E,) then x iS in E, Due not an E,- 


We have 


Xp-E 


= 0 and (yx Seen Xn ) (Se) = 0S 
Med = Bp 8 


This concludes the proof. 
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6.5. COROLLARY. A subset E in X is a null set if and only 


ee a 


me Xp is in ¥ ana ip Xp = 0] 


PROOF. Suppose E is a null set, then Kee QS elsies  Selatels 
Weis in’, it follows that Xp is Sel sag if Xp = fo=0 
Conversely, suppose Xp is in’ and f Xp = 0 . Since 
> 0, we have JS |x,| = 0 . By Proposition 6.4, = 0 


Xp XE 


a.e. This shows that E is a null set completing the proof. 
Before proving another convergence theorem we will prove 


an important lemma due to the French mathematician Pierre 


Fatou (1878-1929). First a few basic definitions are helpful. 


The lower limit and upper limit of a sequence txe are 


defined, respectively, as follows: 


ex, = lim inf{x, :n2k} sup inf{x,:n>k} 


k>0 k 
Mime = lim supix :n>k} = inf sup{x.:n>k} 
n n= nS 
k7o© k 
Now let x, A ae Ax. = inf{x,,-+./x3} 


xX Vives V x5 SuP{Xy Xp yy ree Xs F 


From the above definitions of the lower limit and the 


upper limit, we can obtain the following characterizations: 
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lim Zoe Lim) im ee -\x,)) 


k>0o 7 00 


and im is lim (lim Co ee Vx5)) 


k70o j7© 


To prove these characteristics, we only have to show that 


inf{x,:n>k} lim (x, A x4 A ++ Ax) 


j+00 


: ms / 
and sup{x,:n>k} ae (ea Noda chtess x3) 


The proof is completed by definition. 
I 


Boe LEMMA. (Fatou) If {f, i! eee sequence of functions alg 
£ ana g is a function in £ such that fOr al’ ny 7 (a) > g(x) 
for a.a.x and lim fs ee < o , then lim f(x) exists for a.a.x 


and, if f(x) = lim £ (x) for a.a.x, f is infana f £ < lim/f,. 
PROOF. Let us consider the lower limit of a sequence of 


functions in f 


lim £, (x) = lim (lim (f,(x)A ... Af; (x))) 


k>00 a 00 


for all values of x where these limits exist. 


Let 
h,. = £,A ...Af£. Behe a) 1s 
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Hor 2 fixed k, thy 5} is a nonincreasing sequence of 


functions as Meee 


Dy 47 = be NE 541 < ny EOmnare ys lc 


Pad of is MeveccOm lattice, “Since for all k, f(x) 2 g(x) 


fOr a.a.x then h,. > g a.e. Therefore, the sequence { fh,.} 


kj kj 
is bounded below by f g. It follows from the Monotone 
Convergence Theorem that thy « (x) } converges a.e. 
Aso, if hy (x) = lim ys (x) fOr dva.x, chen hy as in ua 
70 
and Jf hy, = lim fs Ay: Subovelsg  ssoe tellbil ay ee ce hes < fy 


00 


we have hy (x) < fy. (x) for a.a.x and, therefore, 


n 


Up hy Se fy . Since hy = fy ane < D414 


k, the sequence th, } is an a.e. nondecreasing sequence of 


h for ali-4. and 


functions ee Thus { sf hy } is a nondecreasing sequence of 


real numbers Such that 


iene hn. = ham fh. < lin f £.. <2 
k a k — k k 





Again, by the Monotone Convergence Theorem, th, (x) } 
converges for a.a.x and if h(x) = lim hy (x) for a.a.x, then 


mas in Eland 


pee hot hs Lim ff, 
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Furthermore, since hy (x) = lim £,(x)A Daan A £, (x) 


je 


fee all k, then lim fy (x) = lim hy (x) = lim hy (x) 
k+0 k 
Therefore, since thy (x) } Convergessa.e. then “lim £, (x) 
=k 
Pests 4.€., and if f(x) = lim fy (x) a.e. then £(x) = h(x) 
eee, this shows that f is in L pecause h is ree. 


Finally, since f = h a.e., we have 


J£f=/fhe limJh, Lai ee 


iE k 


fesimilar result holds for the upper limit. 


fee LEMMA (Fatou) If {£3 is a sequence of functions in L 


cee ee ee 


eod)g is a function in & such that, for all k, f, (x) < g(x) 


for a.a.x and lim Jf f. > 00 A then lim fy (x) iS fivnice fLOrrasa. x 
Saal —— "} Riots ‘e tose alte ashcalaeandiedil 

ana, if f(x) = lim fy (x) fOrvava.x, f£ 2S in 2 ara 

ao foneedac fellate an 


i se ery TT se 


k k 


PROOF. Let ~£y (x) = hy (x) £Oor alike ana ally x, and let 
-f(x) = h(x) for all x. Using Fatou's lemma, the above 


result is easily established using the fact that 


iam ee) = = lim tet (x) 
jo ie =n 
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A natural and important question to consider in Integration 
theory is that of "taking the limit under the Integral sign." 
Roughly speaking, this means finding conditions under which 
aim f fn = f lim f° From the two previous eee we obtain 


the following important Dominated Convergence Theorem. 


6.8. THEOREM. (Lebesque Dominated Convergence) 

{f,(x)} converges for a.a.x and, for all k, |f,| < g a.e. 
for some function g ind. SC epee (Gg) Selbabes f(x) POM veljcl. 2c, 
myen £ is in ~ and 


eee) Ate fi fy . 


meeer. Since for all k, -g(x) < fy (x) Sg) for asa. and 


~ 


£ g are aan ae then 


i? 


=f iggy). £ parang 


and, therefore, { eae is bounded above and below. It follows 


that 
abe ae 


pe (=g) ==>) and 


times =, </9 —c 
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Thus, the conditions for Fatou's lemmas 6.6 and 6.7 


Brewsatisfied. Therefore, if 
£(x) = lim £, (x) = lim fy (x) = lim fy (x) a.e., 
then f is ee ana 


Pee ef sf £ < lim f £, 


But we always have lim f f, < lim Jf f 


k <a 3 


Hence lim f fy = lim f EL = lim f fy =ff 


completing the proof. 


7. MEASURABLE FUNCTIONS 
If in the Lebesque Dominated Convergence Theorem we do 
not have the hypothesis that the sequence {f£,} of functions 
in ¢ is bounded by an integrable function, then we can no 
longer conclude that the limit function is integrable. 
Example. Consider the following sequence {£1} of functions 


defined over X = R, where 


ul if x is in [-k,k] 


EL (x) = 
| 0 elsewhere 


a0 





In this case, fh is imu pecauce for each k, f, is a step 


k 
fanetion. ' Thus, fh is Stel: aoe each k. Moreover, there does 
moe exist a function g in such that Ea gid. c LOT 
Peek. in fact, lim £). (x) = f(x) ='l for every x in R, 

and we know that 1 is not an integrable function on the 

whole real line. 


Suppose {f,} is a sequence of functions cena 


lim fy (x) =mer(s) fOr asa.x. Take g in & such that <¢ 2.0 


and let 
h, = (-g) V (fA g) . Then 
= (30) ace fy. (x) < -g(x) 
hy (x) = f(x) 1£ -g(x) < £, (x) < g(x) 
a(x): Lf £),. (x) > g(x) 
hy is the function fy cut off above and below by the 


mitegrable function g. 
Since {hy } is a sequence of functions Sn OO ene that 


[h, | < g and 


lim h, (x) = lim (-g) V (£,49) (x) a.e@. 
k k k 


Il 


(-g) V (lim fA gy Cx) aes 


HI 


(-g) v (£ Ag) (x) eer 
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By the Lebesque Dominated Convergence Theorem, (-g) V(f Ag) 


is integrable. This motivates the following definition. 


fete DEFINITION. A function f from a nomempty set X into R 
is said to be measurable if, for each g in & such E|OvsiS 


g>0, (-g) V (£ Ag) is integrable. 


We denote the set of meaSurable functions by A, 

We observe that, every entegrable function is measurable, 
that is Malic a Subset of M4. For if f is oe angag - 0 
is integrable, then (-g) V(fAg) is integrable (because 

is a vector lattice). 
Now, if fi is tain and fy = f. a.e., then for each 


g me with ge 0, 
(-g) V (£,/A g) = (-g) WAGE IN a) Sor sae: 


Since (-g) V (£,/4 g) is integrable, then by previous results 
ms, (gg) v¥ (£,/\9) is integrable or f, is in, Moreover, 
He as clear that / a f f.. 

Tf £ is inc4ana Pesce seeker ei in then 


f = (-g) V(fAg) . 


Therefore, f£ is integrable. That is, a measurable function 


ee ee 
A SF << Oo —————————————— =e 
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This observation allows us to rewrite the Lebesque 


Dominated Convergence as follows: 
7.2. THEOREM. (Lebesque Dominated Convergence) 


oe {fy } ES sequence of measurable functions such that, 
for all k, | £1 < g for some integrable function g, and 
pee (x) = lim £) (x) ROmaeoe senche Bais) integrable and 


tote Lim f fy 
Pe 2 
We now show that SO gs is closed with respect to 


a.e. pointwise convergence. 


Wee) THEOREM. If {f, } is a sequence of functions ee and 


emma ee 


f(x) = lim f(x) for a.a.x, then fis in cf, 


PROOF. Let g be an integrable function such that g > 0, 


and let 


h, = (-9) V¢E INESH NE 


Then by definition 7.1, h, cS in We and [h, | < g because 


hy is the function f. cut off above and below by g. Moreover, 


lim h, (x) = (=a) V (fre o (x)ym Lor a.a.x. 
Thus, thy } is as the role cf {£3 in the Lebesque Dominated 


Convergence Theorem. Thus (-g) V(f£Ag) is dip ea, hence, 


hersein«o by definition 7.1. 


D3 





me 
In order to show that c/is a vector lattice, the following 


theorem is useful. 


724. THEOREM. A function f:x + R is measurable if and only 


ae the function g  v(fAh) is integrable for every choice 


of micegrable functions g and h such that g<0O<h. 


PROOF. Let f be a meaSurable function. Let g and h be the 
Mieegrable functions such that’ g < 0 <h . We have two 
possibilities. 


feete |g) <h , then we have 
gv(f£Ah) < |g V(EAh)| < [-h V(EAh) | 


Since -hV(fAh) is integrable by definition 7.4, then 
Meet An) is integrable. 


(b) If |g| >h , then we have 
mete nh) < |g V(tAh < [fg V(t A (-q))| 


and by the same argument gV(fAh) is integrable. In 
either case, we always have the same result. 


Conversely, if gv(fAh) is integrable, we will show 
mhat £ 1S a measurable function. 


Bee tg| > h then 


(-h) V (£Ah) < [gv (f£Ah)| 
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mee ssa vy(tAh) is integrable, so is |gv(£Ah)| . This 

implies (-h) V(f£”Ah) is integrable. Then by definition 
SY 

f is in</, 


fom igi <h then 
Se Ee (-g)) < |g V(fi Ah) | 


By the same argument, gV(fA(-g)) is integrable or f is 
~— : 

inch, 

This completes the proof. 


aw 
7.5. PROPOSITION. The class ¢/ forms a vector lattice. 


~ 


PROOF. First we will show that ¢«/is a real linear space. 
a 
Eiyepese that Q and £45 in <f%, and c790 in R are all 
arbitrary. By Theorem 7.4 characterizing meaSurable functions, 


74 


meg and h are in~and g <0 <h then 


II 


g v (c£,4 h) o( Zv(£A2)) Le ese (1) 


and 
g V (cf, h) 


eller 


c ( v(£,4 3)) if c< 0 (2) 
Tt can be verified directly by definition. 
Since = and 2 are integrable, the function g v (cf, h) 


is integrable or cf, is inc/iZ The result is of course trivial 


if c=0. 
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We now let pa n(h-g) 


and a = (-p,) Vv (£,%P,); and 
Set Ba mer ot Fino and observe that, g <0<h implies 


that ie 0 ana Ph is integrable. It then follows that 

Ful and > are integrable by definition; and hence Fe is 

integrable. Since oe is integrable, it is measurable by the 

previous reSult. Hence g ae h) 1s integrable. Observe 

oimewer that g<g {-F, h) < h where Kap UIE Je) | < (-9)Vv h. 
We now claim that (gp YER h)} converges to 

g Vv ((£,+f£5) A h) as n tends to infinity. 


Let £ = f£,+f If x is such that h(x) - g(x) = 0 


IL 2s 
then h(x) = g(x) =0 (because g < 0 < h) and both of 
gV(F,A\h) and g V(£Ah) have the value 0 at x; hence this 
case is disposed of. If x is such that h(x) - G(x) 32 0:, 
we See that Py, (x) = n(h-g) (x) tends to infinity as n tends 


to infinity. We have the following three cases: 


lips £, (x) is finite, then 


£41 (*) = (Sp iy pe) implies Fy f%) = £1 (x). 
ine £, (x) =o , then Fy f*) = P, (x) and if £, (x) = -0o , 
eien) F(x) = —p,, (x). Likewise for F,)- These observations 


enable us to compute the limit of 1H 88) as follows: 
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let: fy and f. are finite then lim FY, (x) = (f£,+£,5) (x) 


n 


lpg fy or f. Gi potheare i1ntinite, tnen the limit of F, (*) 


and (£,+f£5) (x) have the value infinity. Therefore 


lim (g aun) ) = g VC (fi tt5y 4 h) 
n> 
as claimed. It then follows by Proposition 7.3 that 
g V((f£,+f5) A h) is integrable, and hence that cf, and 
pwd 
£,+f, aire Ineo . | 
Finally, we will show that ¢/ is a lattice. Suppose 
fe 


1 and f, are measurable functions. When g and h are in ou 


omcmeg <« 0 <h. Then by (5) and (6) in Section 2, we have 


gV((f,\f,)Ah) = gv ((£,4 h) A (£,%h)) 


H 


(g V (£;h)) A (gv (£54 h)) 


because is a vector lattice. Thus ff, is measurable. 


Similarly, we have 
ey (XE, f.) Ah) = (g V (£,%h))Y (gv (£,%h)) 


and hence £4 f. 


This concludes the proof. 


is inc/. Therefore,/G is a lattice. 
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—~ 


We observe from the above result that, if f is in ¢/¢ then 


" - = ~ 
Mmameer VO , £ =-(f£A0) and £ =f +£ arein A 
es 


In general, it is not true that ¢/Cis an algebra. However, 
if the vector lattice F has the following additional property 
introduced by the American mathematician Marshall H. Stone 
(1903- ) then Be ie an algebra. We will eStablish that 
result in several stages. 

The following result is also needed. 


~” 


Wee PROPOSITION. If {£,} is a sequence of functions in cle 


a 


and g(x) = inf £, (x) , G(x) = Sup f(x), h(x) = jim f(x) 
i k k k 


and H(x) = 1im £L Cx) for a.a.x, then g, G, h and H are in 4 


k i 
PROOF. Let g, = ff. , G, = fe Chen. 4 Dy 
k = 5 k 4=1 J 
definition and results concerning lim and lim , g(x) = lim g, (x) 
and G(x) = lim G, (x) fOmead.a.x*. Because ale is a vector 


lattice, {g,} and {G,} are sequences of functions incfG. 
wes 
Therefore, g and G are in cf6 byte 3. 


Next, let h = lim f' and H = lim fr 


is 
where Ey = hao (ek fee, WINE) 
J J 
n : : 
and fr see (£,V ere Vt.) 
ow 
ia 


Propositions 7.3 and 7.5 imply that h and H are in « 
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feeeeotONE*s AXIOM. If f£ is in Br Enon Nf eas alco 


fin J. 


fee PROPOSITION. If UG ee ee Stone's Axiom, then 
fis ine . 


a 


PROOF. First we prove that Dy allso satisfies Stone's Axiom. 

Let h be in a then there exists a nondecreasing sequence 

{h, } ©f £unctions ee ench that lim hy (x) =oh(x)) £Or tdca.x 

and {f h,} is bounded. Therefore, {lAh,} is a nondecreasing 
sequence of functions in JF (by assumption) and 


lim(lAh,) = 1Ah. Also, 1IAh, < hy for all k so that 


ad s jee 
eeesh,) < f hy Hence, { f (1Ah,)} is bounded. Thus, 
Gah) is in Sas claimed. 

Now let £ in ee with £ > 0, be avbitrary. We want to 
paowthat (-f)V(1Af) is in &. since f is in <&, there 
exists g and h in ¥ such that f=gq-—-h a.e., andg 2 h. 
Moreover, since g and h are in ve then there are two non- 
decreasing sequences {g, } and th, } in with lim 9, (x) = g(x) 
and lim h, (x) = ieee rOr doa.x vand G9 gi) canal io hy, } 
both bounded, say by G and H for definiteness. Fix i and 


consider the sequence i: cae : it is a nondecreasing 


sequence of functions in Lf such that 


i (g.-g;) a g, * Ui ile G+H so that the sequence 


of (g,-h,)} is bounded. Thus 


lim (gy, -h,) (x) = lim Gg}, (x) - h; (x) = g(x) - h, (x) a.e. 
k 
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PP: ( ¢ 
so that by the definition oe le g-h.; belongs to ae every 


i 
positive integer i. 

We define fe. = g-h, so that fy. belongs oe foe every k. 
Since {h, } is a nondecreasing sequence, it follows that {£3 
is a nonincreasing sequence of functions in ¥% Since LL. AL 


belongs moe ae have tee is a nonincreasing sequence 


Am Moreover, 


lim fy (x) = g(x) - lim hy, (x) g(x) - h(x) a.e. 


Ex) wor a. ay x 


rhs , Lim(f, (x) \1) = f(x) Al FOrsaca. x, 


piso, by the first part, since g-h is in A then (g-h) Al 
is also in J and Prone —l1) NL < (g-h,) Al for every k, 


we obtain 
eco) Al) =< f (£,A1) for alilek. 


thus, { ey AL) ) is a sequence Reo pounded below. By 
the Monotone Convergence Theorem 6.3 we have 
Seem eii(x) — (f Ni) (x) for a.a.x. This implies that 
££ Al belongs to <. 
Finally, (-f) is in & so that (-£) V (£A1) belongs to 


4 
Pinca L is aeveCeclLOm tdttleea — thius J >belongs £0 AG . 
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oS 
We can use these results to show that cH is an algebra. 


wd 
foe, PROPOSITION. If a Satisfies Stone's Axiom then4is 


an algebra. 


PROOF. Since f satisfies Stone's Axiom, by 7.7, 1 is in c/o . 
~~ 
Since #is a vector lattice, then for every real number r, 
as 
femcerine © = r-l”, therefore r belongs to 4b 


af ~ 
We now show that if f is in AG, then f° is also in cM. 


Let {r, :k=1,2,...} be an enumeration of the rational 


numbers in R. For each x in X, inf (£(x)-r,)° = 0 so that 
k 
2 ; 2 
Poor unt (—2yr, f(x) + rr, ) = 0 
k k k 
F vs 2 — é oe 
Therefore, f° (x) = - inf (~2r, 7 (x) a) 
k KK 
2 


sup (2r, f(x) - r,°) 
k 


~/ wv 
Senfor each k, 2x, f(x), - as is nme ee eeansele/ ois a vector 
Hattice), so by Proposition 7.6, f° is in&. Now for any 
oy 
aS | inc, we have 
£-g = = ((f+g)* - (£-g)7) 
~~ ~~ 
Thus, £°g are in AG which shows that S46 is an algebra. 
We know that if £ is measurable and if | £ | is integrable, 
then f = (-|£]) V(£A|f|) implies that f is integrable. 
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8. MEASURABLE SETS 


8.1. DEFINITION. A subset E of X is measurable if Xp is 


a measurable function; E is integrable if Xp is integrable. 


We will denote the set of measurable subsets of X by AE. 

Note that if a set is integrable, then it is measurable. 
Me satisfies Stone's Axiom, although the function 1 is 
Measurable even though it is not integrable by 7.7. Hence 
the whole space X is a measurable set (because x, = lL is 
A) 

A collection ff) of sets in the power Q(x) is called an 
elgebra Of sets if X is in ) and if AUB and A-B are 
in H whenever A and B are sglD An een IDE called 
Mecealiccsora if any counteble union of sets in Ae in ip) 


Define ring of sets and o-ring. 


A collection D of sets in Ox) US Gallia id aig uOr Sets 
if AUB and A-B are in ?) whenever A, B are in ie It is a 
o-ring if it is a ring that is closed under the formulation 


of countable unions. 
Thus an algebra of sets is simply a ring of sets that 


contains the whole set X. 


8.2. PROPOSITION. The collection ©/60f measurable sets is 


a O-ring. 


PROOF. We see that the empty set @ is in #4 since the charac- 


terstic function Xg = 0 is integrable and therefore measurable. 
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Next we show thatcé6is a ring of sets. 


Since is a vector lattice, then Xp_V Xp. os 
iL 2 


Xp, A Xz, and XE, - Oa Xp.) are meaSurable functions. 


Therefore, yx ey. 
E,v E, Ey 


the previous results of Characteristic function. Thus, 


_E are meaSurable functions by 
2 


E, UE, and E, ~Eo are meaSurable sets. It is then clear 


that Aois a ring. We will show that c46 is a O-ring. Suppose 
: n 
Ey rEoree- are in c/6, Let e. = LU 


foe} 
E, and G= U E. j 
1 i=l 


al 


n 
also let ce (ns VX and g = Xa ° It is easy to see 
n = 


that {g,} 1S an increasing sequence of measurable functions 


that converges to g. For all n, G. is in¢/6, because 46 is 


n 
a ring, and therefore Sn is in c/6,. BY =PpEOpOSsTELON, 7 a3; 

: : é : Hh dE 
g 1S a meaSurable function, where G is in¢/o, Thus,“W“ois a 


O-ring. 
i 


8.3 PROPOSITION. If SE Satisfies Stone's Axion, then ¢/ is 


eedealgebra. 


PROOF. By 8.2,%is a =-Yingd.s ln) tne first Part OF Our 
discussion in Section 8, we showed that X is a meaSurable set 
whenever Pera aties Stone's Axiom. Now c% is a o-algebra 


whenever Baca aerics Stone's Axiom. 
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9. MEASURE 

The theory of measure began to develop in a period when 
the attention of mathematicians was being concentrated on 
the importance of examining very general kinds of point sets 
in Euclidean space. It was necessary to seek, for these 
point sets on the real line, something which specialized to 
length when the point-set was an interval; likewise, for 
point-sets in the plane, the "measure" was area. The 
classical theory of measure and integration, developed by 
Lebesque, Stayed mainly with the sets in Euclidean space 
and with real functions defined on Euclidean space. Now, 
the development of meaSure theory and its applications can 
be relieved from the limitations of Euclidean space. 

In this secticn we will define a measure for measurable 
sets which is a generalization of the volume of an interval. 
miesvolume of an interval (a,b) is f/f X (a,b) : 

The following rules hold for these operations of addition 
and subtraction with the extended ideal number ~»: if r is 
a real number, then ~ + r=%, and ~+twr=o0 , The 


operation ~» -» is not defined and is avoided. 


9.1. DEFINITION. A measure is a nonnegative extended real- 
valued function defined on a o-ring c46 of measurable sets 


as follows: If E is in cf, then 


Ip Xp if E is integrable 


m(E) = 
oo , otherwise 
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Recall that, we have shown that E is a null set if and 


Caly if f Xp = Oi (Corollary 6.5). 


wee cnROREM. if E and F are measurable sets, we obtain 


ce ee Re 


Seo te ECF implies m(E) < m(F} 
eo em(e UE) < m(E) + m(F) 
(more lf EBNF = 9 implies m(EUF) = m(E) + m(F) 


(9.7) If ECF and m(E) < > implies 


m(F-E) = m(F) - m(E) 


PROOF. 
Proof of (9.3): By the result of Corollary 6.5 because 


@ is a null set. 


Proof of (9.4): We nee two cases. 

Tf F is not integrable, then m(F) =~ , then 

m(E) < m(F) =o , 

If F is integrable, then Xp Tomintequable nm cince | 5 Cr, 


then Xp < Xpr therefore, X, is integrable and 


m(E) = f he S Ip Xp = m(F) 
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fecot Of (9.5): There are two cases. 

If E is not integrable, then m(E) = ». Since ECEUF, 
EVUF is not integrable and m(EUF) = » , Thus, the result 
holds. The same is true if F is not integrable. 


If E and F are both integrable, then by Proposition 8.3, 


feur Xp Xp < Xp nis Xp ° Therefore, 
mb) = f Xeurp il Xp t+ J a bee nla 


hus, using induction it is easy to show that 


m(E;) for every poSitive integer n. 


3 
& 
ies] 
[A 
ium 3 


k=1 7+ i=l 


Proof of (9.6): If EOF = 9@, then it is easy to show that 


= “ 
Xpur Xr” Xp > 


Now, Suppose that E is not integrable. Then EUVUF is 
not integrable and, therefore, m(E) = ~ and m(EUF) = », 
Similarly if F is not integrable. Thus the result holds in 
these cases. On the other hand, if E and F are both 


integrable, then implies that 


Xpup > Xg 7 Xp 


m(E U F) he ee Pi a i ae 


= JS Xpur E 


ii erther case we obtain 9.6. 


TE E,1E5,---,E are in 6, and are pairwise disjoint 


n 
sets in cf6, then using induction, it is easy to show that 
n ra 

m( U ee 


m(E.) 
i=l i=l - 
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for every poSitive integer n. rom this result, we can say 
that m is finitely additive. 

Feoort Of 9.7: If F is not integrable, then m(F) =@, 
Since ECF and (F-E)NE= 6%, it follows from 9.6 and 


P= (F-E)U F that 
m(F) = m((F-E) VUE) = m(F-E) + m(E) . 
Therefore m(F-E) = m(F) - m(E) as desired. 


Let E, rEg, be meaSurable sets and let the E,'S be 
pairwise disjoint. If 
n 
lim) 2s m(E.) 
noo i=] 2 


exists and 


a 

& 

be 

T 
hm 8 


m(E.) 


we Say that m is countably additive. 
5 
A basSic property of a measure is that it is countably 


additive. We now prove the following theorem. 
9.8. THEOREM. The meaSure m is countably additive. 


PROOF. Let {E, } be a sequence of pairwise disjoing measurable 


sets and let E= U E, - We will show that E is measurable. 
k=1 
n 
feof = () &£ then by property 9.6 
n k 
k=1 
Xx coeee? ae 0 | 
Pa U Ex 
k=l 





n 
and m(F) = z m(E,) and Xp is measurable. By 
Sl n 
7.3 we have 
Xn = lim x = = yx PON sal. cnx 
e n+ Fn Kat ak 


The limit Xp is also a measurable function. Thus, E is 
measurable as claimed. 


Now, if for some k, Ex is not integrable so that 


m(E,) = °, then Dem (Eh) = 8. ALSO: Since JE,Cc BE, then 
k = k k 
m(E) = © , and therefore, m(E) = 2 m(E, ) mon the Other 
k=l 
hand, suppose that for all k, Ey is integrable, then 
z m(E, ) either converges or else it diverges to infinity. 
k=l 
Assume 2 m(E,) =o , 
k=1 
nN . 
FOmeall n, U Ex © ED 4, ‘thensby69. 7 
k=1 
n n 
m(E) > m( YU E,) = 2 m(E, ) 
_ k=1 k=1 


Thiseineguality is true for all n, so that 


ioe) 
co > m(E) > 2& m(E,) =o , 
ie ap 
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oo 
Finally, suppose x m(E,) converges. 


k=l 
n co) 
Then Z m(E, ) < z m(E)) from which it follows that 
k=] k=l 
n fore) 
{f 2 m(E,)} is bounded. Since " Soyl Gg ene 
k=l k=l k 
theorem 6.2, iy Xp converges and Xp = 2 Xr is 
k=l k k=l k 


integrable. Also E is integrable and 


60 oo 
m(E) = f Xp = ae i XE = ae m(E,) 
concluding the proof of the theorem. 
0 
If we drop the requirement that the sets be pairwise 
disjoint in the previous result, we obtain the following 
proposition whose proof is similar to that of Theorem 9.8 


above. 


a ee 


Seo PROPOSITION. If {E, } is a sequence of measurable sets, 


then 





me) eles yo 
a 5 


In the next chapter, we will consider the concept of 


measure and its theoretical aspects in greater detail. 


69 





101 i SECOND APPROACH rO INTEGRATION 
‘VIA MEASURE THEORY 
ia 2NTRODUCTION 
Measure theory in recent years has shown itself to be most 
useful for its applications in modern analysis. [In this 
chapter, the approach to integration is via measure theory. 

The development begins with a nonempty set X, a O-ring 

Mo of subsets of X, and a countably additive, nonnegative, 
extended real-valued function m defined onc/swith the property 
that m(%) = 0. Then (x 7, m) 1s called a measure space. The 
subsets of X which are inc/6 are called measurable sets and m 
is called a measure. The value m(E) is called the measure 
Oi . 

The measure m may be induced by an "outer measure" by 
Beameing the domain of m* to the available o-ring “of 
measurable sets. 

After we obtain a measure m on the S-ring 40 of measurable 
subsets of X, and by a parallel formulation that characterizes 
the condition of a continuous function, we define the concept 
of a "measurable function" f£: X +> R.. The class of measurable 
functions forms a vector lattice as well as an algebra. 

We next define the class of integrable functions on a 
meaSurable set E in three steps. First, the integral of a 
simple function is defined which is then extended to the class 


of integrable nonnegative measurable functions. (Tha/s: is) done 
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by taking sequences of nonnegative simple functions, each 
Siewaech 1S integrable function on E.) Finally, utilizing 
the relation f = em we can obtain the integral of any 
measurable function which may also assume negative values. 
The chapter concludes with the very important Lebesque 


Dominated Convergence Theorem which gives conditions under 


which lim f fee eae f, i i.e., under which the operations 


E E 
of integration and taking limits of sequences can be 


interchanged. 


Pee DOLTIVE SET FUNCTIONS 

We now consider a nonnegative extended real-valued function 
mi4b> Le where -/6is a nonempty class of subsets of a nonempty 
set X. Such a function is called additive if the range of m 


does not contain both -~ and +> and if 
(2.1) m(E,U E,) = m(E,) + m(Ey) ij 


whenever E) and E, are inc/bsuch that E,V E, is in&bana 
E,9 E, = Go. 
In the case that “Gis a ring, we can prove by induction 


that the additive function m is finitely additive in the 


are disjoint members of 4, 


following sense: if Ej, E51--- EQ 
then 
n n 
(222) mie EE.) = 2 mip.) . 
‘ a i 
i=1 i=1 
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From this, if there exists E inwG such that m({E) is 
finite, then EVQ=E and EN#=9 implies 
m(EU#) = m(E) + m(f@) = m(E). Hence m(g) = 0 

If m is additive on the ringc/6, and if E, F are in MG, 


with FCE and m(F) finite, it is easily shown that 
(2.3) m(E - F) = m(E) - m(F) 


The above is called the subtractive property of m. To 
prove (2.3), we write E = (E-F)UF , use the fact that m(F) 
iserinite, and apply (2.1). 

Let 46 be a ring. If the measure m is additive and has 
nonnegative values, then it is monotone: that is 
MEM) Gnencver £,F in @@ene BCE . For if E and F 


are as indicated, we can write 
F = E U (F-E) and m(F) = m(E) + m(F-E) . 


Since m(F-E) 20 it follows that m(E) < m(F) 


Now, suppose the range of m:c/G> R* = R_ {-~,+} has 


at most one of the values -~, +~ . We recall that m is 
countably additive if, whenever E,,E,,... and UE, are in 
countably aaaitive i 


“W6and the E,'s are pairwise disjoint, then 


WZ 


exists in R*, and 


3 
¢ 
tr 
T 
04 8 


‘ m(E;). 


From the concept of a countably additive set function, 
we next define a measure onc/6and consider its properties. 

We will see later that the notion of a Borel set plays 
an important role in measure theory. These sets are defined 
as follows: 

The class BR Ct BorellSets 1s the smallest c-algebra 
which contains all of the open sets. Equivalently, it is 


the smallest o-algebra which contains all of the closed sets. 


So MEASURES — PROPERTIES OF MEASURES 

We shall be mainly interested in the case where m(E) > 0 
for every E inc#6. If m:i/6+ R* is countably additive, 
has nonnegative values and if m(f) = 0 , we callma 
measure on “WG. 

The value m(E) is called the measure of E. Usually “6 will 
be a o-ring of sets. 

Let m be a measure on a ring M%, PEIMCE) is tinite Lor 
each E in AG, we say that mis a finite measure. 

A measure mon a ring“%is called o-finite if each E in 
“AG is contained in some countable union, ECUE , where 

ab al 

E, is in #6 and m(E,) is finite. 

Since ENE, in vlO@ and m(ENE,) is also finate, Let 
follows from E = U (ENE,) that m is 6-finite if and only if 


ee 


Ue 





— ee ns 0 ee 0 ee 


members of M6; each having finite measure. 

Sequences of sets play a vital role in measure theory, 
and for that reason we will need some definitions and some 
basic properties of sequences of sets. 


et eee be a sequence of sets. We define 





x 
I 
Ys 


These sets are called the limit superior and limit inferior, 
respectively, of the sequence of sets. 


Thas, lim En consists of those points which belong to 
n 


Ee for an infinite number of values of n. A similar analysis 


shows that lim En consists of thoSe points which belong to 
n 
Be for all except a finite number of values of n. It is 


clear then that for any sequence {E,} of sets, we always 


pa 


mE 


have lim En Ce i 


a 
n n 


A sequence ead of sets is said to be convergent if 


lim Ee drain ee lim Ee xe 
n n 


A sequence C35 h of sets is called a nondecreasing sequence 


fe eior each positive integer n, 


a es En4+1 
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It is called a nonincreasing sequence if for each n, 


2 ee 


A monotone sequence is one which is either a nondecreasing 
sequence Or a nonincreasSing sequence. 

We have a very useful result: every monotone Sequence 
is convergent. 


To prove this, suppose Eee is a nondecreasing sequence 


co 
of sets; then for each i, E; a En ; therefore 
n=1 
co 
lim En = E; . However, for a nondecreaSing Sequence 


i=l 


n 

co 

J E, is independent of i, so we make take i=l and 
n=i 


n n — in 


coin En = () 
k= n=l n 


c co 
i eee aa = jin kee 
nN 1Qv—= 


The nonincreasing sequence set may be treated similarly. 
oo 
inmeehiat case, Watt a () Bee 
n=1 
The following observation indicates a useful way of 
representing unions of sets as a union of disjoint sets. 
Suppose that certain sets E,,E,,... are given (the number 


may be finite or countably infinite). Define new sets Fi1Fo 


inductively as follows: 
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2,1) 





phen GE fer seach n, and Edy is a sequence of 


OrcaOInt sets, i.e. FNPF, = @ if ij , and 
n n 

(2) OR ye) ee 
i=l i=l 


n 
If we write Ges Y E. , then 


and (3.2) can be written as 
n 
(323) war. — Gc 
The situation is shown schematically in the above figure, 


when G, is represented as being composed of a number of 


disjoint sets FyiFor---0F,- 
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Throughout this section let /G be a ring of sets and let 
m: 6+ R* be a measure. We will consider some useful theorems 


for which we will frequently find applications. 


3.4. THEOREM. Suppose 1a Ey: Eo, oes. are elements of Sb 


Sen that ECW E,; , then 
al 


i 


PROOF. Let Ea E(\E, . Define Gy = F, and by induction 


i-l 
foe G, = F, - (J F.) , ifi>2. 
lat 
Then G, CF; CE, so that m(G;) S m(E 5) fOrere ll si. 
Also, 


ieee CUE.) =U (ENE,) = US 


uf a. 1 
Now, we use the observation described in (3.1) since m 


is countably additive, we have 


m(E) = 2 m(G;) oa m(E;) 
i ne 


Conversely, we have the following theorem 


3.5. THEOREM. Let {E,} be a disjoint countable collection 
of elements of-/, and let E be any member in-/% such that 
Wee & . Then 

Hl 


2 m(E, ) SS mG). 
; 
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PROOF. The result is clear in the case that the number of 
E,'S is finite. In the infinite case, by hypothesis, since 
LJE,CE belongs to M6 , and since m is countably additive, 


at 
we have 


m(U) E;) = x m(E;) 
aE Ale 


Thus, Since m is monotone, from \J oe E we have 
al 


z m(E;) Samick) ie 
ai, 


E 
From the convergence of the monotone sequences of sets, 


we have the limits of the measure of sets as follows. 


3.6. THEOREM. Let Es be a nondecreasing sequence of 


ees eee 


Members of a ring “%G and ge belongs to M6, then 


n=l i. 
m( U Ee een mE 
j=1 n 
ma = ee ' 
PROOF. Let F, = EF, , FL = En-1l * Then the FS are 
disjoint and = U FF, : Hence 
n=1 n=l 
© foe) coe) n 

mmomere yy =mit) F) = £ m(F_.) =lim £ m(F,,) 

n=1 ” i ES i 
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n 
Eure 2 m(F,) = m(U F,) = m( = uae?) 
nee gs k=1 * i ess 


n 
because LU) Ey FOr eae <2) 
k=1 i 


= nN 
Thus m( _) EW) = lim f£ m(F,) =e aan ( Ee) 1. 
n=1 n+o k=] n 


Bees THEOREM. Let eee be a nonincreasing Sequence of 


i mee ee 


members of the ring-%6 such eat | En belongs to . If 
m(E,) < o , then 


m( (\ E,) Silo m(E_) 
n=l n 


PROOF. Since {E} is a nonincreaSing sequence of measurable 


sets, then EAC Fy for all n. Also m is monotone so that 
foe} 
m(E.) < m(E,) <o for every n> 1. Hence f\ E. CE 
i ali ey n dh 


co 


implies that m( aL J) iis} seek pe veren 
n=1 


. co 
= ie = () 
eho ee Ey Ens E Eee E. . Then a ae and, 


by DeMorgan's law, we have 


RBo=2=E=m =-(O £)= U (E,.-E) = U F 
1 1 n=l z n=l 1 Ss n=l z 


Theserore, by 3.6, 


m(E, ~E) = m(U F,) = iim mio lim m(E, -E_) 
el. n n 


rh) 





But E, = EU(E, -E), Te) m(E, ) = m(E) + m(E, - E) . 


Since all three values of m here are finite, we have 
m(E, ~ E) = m(E,) - m(E) 


In the same ee m(E, -E,) = m(E,) - m(E) : 


hus, m(E, - E) = m(E,) - m(E) = m(E,) - lim m(E,) 
n 


This implies 


m(E) = lim m(E,) A 
n 


f 
In the next section, we will define an outer measure 
function m* which is not, in general, countably additive. 


From that outer measure, however, we will obtain a measure. 


4. THE MEASURE INDUCED BY AN OUTER MEASURE 

The construction of a measure proceeds in the following 
way: First, we construct a function called an outer measure. 
This function, which we shall denote by m*, has for its domain 
Eifewetass Cf all subsets of X, and its range lies in R*, the 
extended real number system. The values of m* are nonnegative, 
m* is monotone, and m* has a property like additivity. But 
m* is not countably additive, and hence it is not a measure. 
Thus we will diminish the domain of m* in such a way that m* 


actually becomes a measure on the reduced domain. This 
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successful attempt leads to the o-ring of the class of 
measurable sets. If E is a measurable set, then m*(E) will 


be called the measure of Ee 


4.1. DEFINITION. Let X be an arbitrary nonempty set, and 
m* be a function whose domain is the family of all subsets 
of X and whose range lies in R* such that m* satisfies the 
following conditions: 

1) m*(f) 


meer (6h) > 0 for each E in xX. 


0 


eee ECF , then m*(E) < m*(F) 
ay) If ee is any countable collection of subsets of X, 
co co 
emenmeem*(l) EE) < 2» m*(E_) . 
eee n 
n=l n=l 
Dne@er these conditions, we call m* an outer measure on 
the o-ring~</G consisting of all subsets of X. 
If X is a metric space and if m* is an outer measure 
on AG, which satisfies the following additional condition: 
5) m*(EUF) = m*(E) + m*(F) , whenever E and F are 
nonempty sets which have a positive distance apart, 
then we say that m* is a metric outer space on 46, 
Since m* is not countably additive and hence it is not a 
measure. We now turn to the general theory of obtaining an 
outer measure on-/6,. The problem of restricting the domain 


of m* in such a way as to obtain a measure on “6 is solved 


on the basis of the following definition: 
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4.2. DEFINITION. A set E in X is called. m*-measurable if 


f) m*(T) = m*(TOE) + m*(T-E) 


for every subset T of X. In (1) we refer to T as the 
"test set". If there is no possibility of ambiguity, we 
shall say that E is meaSurable only. 
The utility of the above definition was discovered by 

C. Caratheodory (1873-1950). He noted that a theory of 
Measure in which m*(E) is to be the measure of E (when E 
is restricted to a suitable ring) demands that (1) must 
necessarily hold whenever T is in this ring: TNE _ and 


meeeare disjoint, and (TNE) U(T-E) = T implies by 


th 


we Ll 
dul = 


property 4+ o 
m* (T) Some Cys) + m*(T-E) . 


Hence, E is measurable if and only if the following 


inequality 
(4.3) Re) me (hal) tame (t=) 


is satisfied for every subset T of X. 


In the following theorems, we will show that the collection 
of all measurable subsets of X is a O-ring and that m* turns 


out to be a measure on %. 
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4.4. THEOREM. A set E is meaSurable if and only if its 


complement -E is meaSurable. 


Preeor. For any subset T of X, TNE = T -(-E) . Thus, the 
equation defining the measSurability of E is the same as that 


defining the measSurability of -E. 
i 
4.5. THEOREM. The empty set @ and the whole space X are 


both meaSurable sets. 


PROOF. The result follows immediately from the fact that 


m*(%) = 0. 


mm ee eee 


4.6. THEOREM. Je E, and E, are measurable, then so are 


E, VE, ? E,9 E5 and E, -E5- 


PROOF. Let T be any subset of X. Since Ey is measurable 


by hypothesis, we have 
(2) m*(T) = m* (TE, ) a m* (T -E,) ; 


Next, uSing T-E, as the test set for the meaSurability 


we can write 


m* (T - E,) m*((T-E,)ME,) + m*((T-E,) -E,) 


(3) 


Il 


m* ( (2 -E,)QE,) + m*(T- (E,U E,)) 


because E, is measurable. In the first term on the right in 


(2) we can write TOE, = TO(E,VE,)OE, me in the first 


83 





term on the right in (3) we can write 


ae BE, =TN (EU E,) -E SuDStititcing (3) Into (2) 


iL e 


and uSing property 4 of an outer measure (4.1) we have: 


m*(T) = m*(TN (E,U E,) a) E,) + m*(TA (E,U E.) - Ey) 


+ m*(T- (E,UE,)) 


Therefore E,VE, is measurable. 


To prove that BE, QE, is meaSurable, we observe that 
EB, E, = ate NU) (=E5}) , then by theorem 4.4, we achieve 
as claimed. 


finally, E. -E is also measurable, because 


ip 


E, ~B, = E,(-E9) 


2 


E 


We proceed next to the examination of countable unions 


of meaSurable sets. 


4.7. THEOREM. If {E,} is a disjoint countable family of 


i ee SS 


fee) 
Heastinabte Sets, andift S= VU Ej , then S is a measurable 
<<. — i=l Gree Zi aaa aa 
poe NOreover, if T 1S any subset of X, then 


m*(TOS) = 2f m= (Gu E. ) 


i=1 
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PROOF. With TA (E,Y E,) as the test set, and E, is 


measurable, we can write: 


Il 


m* (TA (E,U E,) m* (TO (B,Y E5)0 E,) + m* (TO (E, VE.) -E,) 


m* (TO EQ) ap m* (TOE, ) 


By this method of argument and mathematical induction, 


n 
we can prove that Sn = U E. - Then 
i=l 
n 
* = * 
m (TOS, ) fee, ™m (TOE, ) 


Therefore, we have proved that the result holds when 
n is finite. 
Next, for each n, TMS contains TOS, Pa Linus, | LOK 


every n, 


mei) S)) = artes Cats 1S - 


‘= m*(TOE,) 
al 


il 


I mS 


Letting n tend to infinity, we have 


meoci to) 7 2 m* (TOE, ) ; 


i=l 


The inverse inequality follows from property 4 of the 


definition of an outer measure (4.1). 
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Finally, we prove that S is a measurable set. By 
e e ° ° n 
theorem (4.6) and induction, it is clear that a = U §E 
s a 
is meaSurable. Note that aS contains T-s, 


for each n. 


mi) = m*(TOS_) + m*(T-S_) 
n 
= m* (TAME, ) + m*(T-S ) 
i=] i 
n 
eee Me (Choe ee team Tt =<S ) 
i=l - 


Letting n-+* and using property 4 of an outer measure, 
Since WU (TOE; ) = TS, we obtain 


al 


m* (T) m* (TQ E;) + m*(T~S) 


Vv 
tim 8 


i=l 


Mm? Ges) + me 4S). 


Iv 


By (4.3), S is measurable. 
t 


ace THEOREM, The collection 46 of all measurable subsets 
Of X% 18 a o-algebra and m* is a measure onc/6. 

PROOF. We know that 4% is a ring by theorem 4.6. To prove 
that it is a o-ring, suppose the sequence {E, } is inc%O,. 


Let Fi = E, and let es = En - (E,U hoe te VE, _y) hee 9) 2 ONE. 


Then <r] is a disjoint family of measurable sets satisfying 
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co 
U Ee = U &§E - Theorem 4.7 we have that 7G is a O-ring 


because any countable union of subsets in bis again in 4%, 
Next, we prove that m* is countably additive onv/o. By 
taking T = S in theorem 4.7, we have 


m*(s) = m* (F, ) 


tm 8g 
| come 


* = 
m (SOF,) g 


i=l 


Hence m* is a measure onc%, 


When we say m* is a measure on 46, what we mean is that 
the restriction of m* Horcto ae a measure on AG . This measure, 
whose definition is m(E) = m*(E) , if E is in%, is 


called the measure induced bY ams 


The following is an important theorem. 


mere THEOREM, Every Set E for which m*(E) = 0 is 
Me@eurable. As a sequence, if F is a subset of E and 


m*(E) = 0, then F is measurable. 


PROOF. FOr any set T, TOECE and T-ECT . Then by 
beeperty 3 Of an outer measure, m*(TME) < m*({E) and 
Meee yes m*(T) . Tf m*(E) = 0, then m*(TQOE) = 0, 


and also 
m*(TOE) + m*(T -E) < m* (T) 
As we remarked earlier, (4.3) shows that E is measurable. 


meee rh, then m*(F) < m*(&) = 0, by the first part of 


this theorem, F is measurable because m*(F) = 0. 
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From the concept of a measure on the o-ring Mb of 
measurable subsets of X, and the additional condition of a 
continuous function, we will present a new function called 


measurable function in the next section. 


5. MEASURABLE FUNCTIONS 

Let X be a nonempty set, and let M6 be a nonempty o-ring 
of subsets of X. It is assumed that we have a measure m 
defined on 4G. The elements of %G6 will be referred to as 
measurable set (or as m-measurable sets). Now we call that 
X is said to be a measure space we are thus provided with a 
o-ring Mb of Subsets of X and a measure m on M6, Stimiet ly 
speaking it is not X alone, but the triple (x, M6, m) which 
is the measure space. 

If X is a metric space, then we recall that a continuous 
function f is characterized by the condition that for every 
open set G in the range space, e+ (c) is open in the domain. 
By the ways of similar characterizations of inverse images, 


we Gefine two other important classes of functions. 


5.1. DEFINITION. Let X be a metric space, and let f be a 
finite, real-valued function whose domain is the class of 
Borel sets in X. We say that f is a Baire Function if for 
every Open set G in the real number system, e+ (4) is a 


Borel Set. 
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9.2. DEFINITION. Let X be any space in which an outer 
measure is defined, and let f be a finite, real-valued 
function whoSe domain is a measurable set in X. We say that 

f is a measurable function if for every open set G in the real 


number system, £~1(6) is a measurable set. 


In order to extend these last two concepts to the case 
of a function which assumes infinite values we add the 
requirement that £71 (40) and f+ (0) (i.e., we mean f+ ({+0})) 
be Borel SetsS or measurable sets. 

Note that the notions of a continuous function and a 
Baire function depend on topological properties of inverse 
images, while a measurable function depends only on a measure 


theoretic property of inverse images. 


Pee) THEOREM. let X be a metric space, Lecter: x > FS be 


ame@oentanuous Cunction, and let m* be an Outer measure on 


me ee —— ee ee ee we ee 


o-ring//6é. Then the following statements are true: 


oe ee ee eee 


Oo) The function is a Baire function 


eee ee eee 


alt m* is a metric outer measure, then every Baire 


ee ee eee eee ee 


function is measurable 


(3) if every continuous f on X is measurable, then m* 
is a metric outer measure. 


ms 


PROOF. (T) Let €], 43 and 6 be, respectively, the classes 
of open, Borel, and measurable sets in X. We alwyas have 
that g S Be) . So if f is continuous, and G is an open set 
in the real line, then f+ (G) € C > thus f is a 


Barre function. 
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(2) Next, if m* is a metric outer measure, ee ae 
a subset of MG; and a similar argument shows that every 
Baire function is measurable. 

(3) Finally, suppose every continuous fucntion is 
measurable. Let G be an arbitrary open set in X, and 


define F as follows: 
f(x) = Aa(x;-G) where -G is the complement of G. 


Thus, £ is continuous because for every ¢€>0, there exists 


6S =e > 0 such that d(x,y) < e« implies 


alf(x),fly)] = |£(x)-£ly)] = |alx,-G) - aly,-G) | 


[A 


|a(x,y) +d(y,-G) -d(y,-G)| < e. 
Hence f is meaSurable, and since (0,~) is an open set in the 
real line, then £+((0,@)) = G must be a meaSurable set. 
That is, every open set in X is measurable. 

Now, if ad(A,B) > 0, =there is an open set G such that 
G contains A and -G contains B. Since G is a m*-measSurable 


set, by definition 5.2, we have 


meocne By) = m*( (AUB) CG) + me((AVUB) =G) 


m* (A) + m*(B) 


This shows that m* is a metric outer measure. 
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In general, there may be no Pertrcular@eelationship 
between the class of measurable functions and that of Baire 
functions or that of Continuous functions. However, from the 
above result, we can think of these concepts in an ordered 
fists Continuous functions, Baire functions, and measurable 
ime tons. 

A more important role played by the Baire functions in 
the theory of measurable functions is indicated by the next 


two results. 


5.4. THEOREM. If f is a measurable function on MG ana ane 


bumeoea BOrel set in the real number system, then t+ (3) 


mm 


PROOF. Let & be the class of ali sets in the real nunber 
system whose inverse images under f are measurable. 
if Ay as in Gr then 


al: 


enjec= =£ (A) 


is measurable by Theorem 4.4. Thus -A is in e. 


foe) 


Tf E= V E. then by the properties of inverse images we 
i=) * 
have 
mG x.) =U £ ~(.)- 
1= 


opel 





ae 
By theorem 4.8, sinceMbis a o-ring then UF (E,) 


is in G - By Definition 5.2, we know that G contains all 
of the open sets, therefore it contains all Borel sets since 
Borel sets is the smallest o-algebra which contains all of 


the open sets. 


B 
Smo. COROLLARY. If f is a measurable function on any space 


EE 0 el 0 ee 


X, and alge g is a Baire function on the real number system, 


—— rr rrr ee eee 
rae ae ee 


then the composite function gef is a meaSurable function 


on X. 


PROOF. Let G be any open set in the real line; since 


= 


(g « £) 1 (¢) =) 8 (g-4(G)) 


and since gt (c) is a Borel set; by the Theorem ft (gt (6)) 


is a measurable set in X; that is, geof is a measurable 
BUmetion on X. 
5.6. THOEREM, bet f be an extended real-valued function 


mr a rn ee 


eee inter a es ee ee ee Se 


are equivalent: 


1) For each real number a, the set {x:f(x) > a} is measurable 


lv 


2) For each real number a, the set {x:f(x) a} is measurable 


3) For each real number a, the set {x:f(x) < a} is measurable 


[A 


A) bor Gach real number a, the set {x:f(x) a} is measurable. 


a2 





These statements imply 


(5) For each extended real number a, the set {x|f(x)=a} 


com re ee 


is measurable. 


PROOF. Let D be the domain of f. We have (1) implies (4): 
Seem x-c(x) < a} = D - {x:f£(x) > a}, and the difference of 
two measurable sets is a meaSurable set. Similarly, (4) 
implies (1) and (2) is Be tivotens EOm 30a: 


[ememeiies (2): Since {x:f(x) > a} = 
n 


{x:f(x) > a- =) 


i > 8 
fe 


and the intersection of any sequence of measurable sets is 
measurable (by the result of Theorem 4.4 and Theorem 4.8), 


weme@btain (2) from (1). 
Similarity, (2) implies (1) since 


fee) 


Hee ee es ea = es (x) pat = ee 
n=l 


fuss the first four statements are equivalent. Next we 
show that each implies (5): 


If a is any real number, then 
{x:£(x) = a} = {x:f(x) > al Ween Or) acy: 


and so (2) and (4) imply (5). Moreover, since 


ie] 


feast) = of} = 1) oeesaltg)) 22 Sells he 0) gives (5) fora 
n=1 | 
positive infinite. Similarly, (4) imobies. (5) tor a = -“ 
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It should be noted that a continuous function (with a 
measurable domain) is measurable. The notion of a measurable 
function is quite analogous to that of a continuous function. 
However, the following characterization of a measurable 
function is very useful and is frequently given as the 


aefinition. 


eee) THEOREM, In order that an extended real-valued function 


f defined on a measurable set D be a measurable function, at 


ee ee ee mm ee 


a ee eee a ee 


a, me [-@,al} Demcmeasumaple Set, 


PROOF. To prove the necessity, we note that 


f {[-0,a}} = D - (£ +{(a,~)} U £1 (m)) . If £ is measurable, 
then each set on the right hand side is measurable because 
(a,~) is an open set and £ } (0) is a measurable set. Thus 
f t{{-0,a}} is measurable. 

Conversely, if fl {[-0,a]} is a meaSurable set for each 


a, then each of the sets 


ees A £0{[--,-n]} ; fe) =pD- U £ -{[--,n]} 
n=1 n=l 
is measurable. 


Eoumany half-open interval sla, bl = (=) bles [=-,a] 


Lita,b}} = fl {[-b,b]} - £1 fI-~,a]} 


is measurable. Next, if G is any open set in the real line 


94 





then we claim that G can be expressed as a countable union 
of disjoint half-open intervals (Geer alee ee ly aye: 
If this is true, it follows immediately that 
elie) = y ff (a,,b.]} 
i=l aes 
is a measurable set. 


TO prove our claim, let G be any open set in the real 


line, say G = (a,b) . For each integer k, thepints x's 
Such that 
Sa = 
(1) x es (m = ee pe Ol 2 perc) 
2 


partition R into a countable class of disjoint half-intervals. 


u 2 S 
Moremexanplc, when k = 1, let Ty ; aT : tI pass SOG *the cise 


of intervals generated by (1) which are contained in G. 





mj? 


I 
2 


Form each k > 1, let it : ie is Fase soe that class of 


intervals generated by (1) which are contained in G but not 
contained in any interval La with q< k, or we can say a 
partition PL = one J1—-l72,3 000) eels a refinement of the 
Partdedon P. if q < k . If x in G, then x is an interior 


q 
point of G; so there is a partition of R given by (1)such that 


25 





the interval containing x is contained in G. Thus 


te ott) > c é 
k=l 3 
Since i CG for each k,j ; we have 
ele crc : 
k=l jj 


This is clearly a countable class of half-open intervals, 


and we have constructed them so that they are disjoint. 


L 
6. OPERATIONS ON MEASURABLE FUNCTIONS 


Let £ be an extended real-valued function on X, and let 
a be any real number. Each of these functions: af, at+f, 
+: - , : 
lf|* , £ , and f is defined everywhere f is, with the 


exceptions that if a=0, af and |f|* are not defined at 


Beents x for which [f{x)| =0; and if a<o, |£/" is 
not defined at points x for which f£(x) = 0 because such 
‘Operations as 0° (+~) , 000 - = are not sensible. These 


exceptions are not serious because if f is measurable, 
{x: f(x) < ~} and {x: £(x) #4 0} are measurable; so af 


and |f|? always have measurable domains. 


Gee THEOREM. If £ is a measurable puNeeLOn and a ls any 


ct ee 


a 
real number, then each of the functions af, atf, |f|~ , 


Renee ee a 
——Eee ee 
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PROOF. Each of the functions g:y+ ay, aty, ly|?, 
max{y,0} , minfy,0} is a continuous function of Voy 
result 1) from Theorem 5.3 we know that a continuous function 
isaBaire function. The function xe E30) wae ; 


+ - 
at+f(x) , [£(x)|*° , £ (x) , £ (x) are the composite of 


function g's and measurable f, then by corollary 5.5, af , 


a+f, |f|* , f° ‘and £ are measurable functions as 
claimed. 
& 
@he function f£+g is undefined on {x:f(x) = -g(x) = +} 
and fg is undefined on 
jet (x) = O:g(x) = +0} (xc hf (x) — too (x) =s01) 


However, for £ and g meaSurable, each of these is a measurable 


set, so £+g and fg have measurable domains. 


beer LEMMA, if f and g are measurable functions then 


fees = g{x)} is a measurable set. 


Preoom For a given x, f(x) > g(x) if and only if there is 
meEational number r Such that g(x) < r and r < £(x) 
Hence if ise is an enumeration of the rationals, we see that 


(oe) 


ieoenis) > g{(x)} = VU [{x:£(x) > ised fee oitxn a a 
=] 


Since f and g are measurable functions then {x:f(x) > g(x)} 


is a measurable set by Theorems 5.7 and 4.8. 
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6.3. THEOREM. If f and g are measurable functions then 


EtG is a measurable function. 


BROOFPS The proof of Theorem 6.3 is as follows: 


{x:£(x)+g(x) < a} = {x:f(x) < a-g(x)} . 


By the result of 6.1, a-g is a measurable function. Thus, 
by Lemma 6.2, {x:f(x) +g(x) < a} is a measurable set, and 


Eye, £+g is a measurable function. 


By the previous results, we see that the set of measurable 


functions on X iS a real vector space. 


Pere OROLLARY. In Order that £ be measurable, it is 


bed 0 6 A 9 -k = 
necessary and sufficient that both £f and =f be measurable. 


PROOF. Necessity of this condition is included in 6.1. 


Swiivoiency comes from 6.3 and the fact that f=f -f . 


Geo. COROLLARY. ibe f and g are measurable, then fg ae) 


measurable. 
PROOF. The function f° is measurable, since 
ete (x) mex f(t) > Va} U {x:f(x) < - Val 


bomear> 0 , and for a < 0 we have {x2£7 (x) > a} = D where 


meus tne domain of f. 


2 2 2 
inucereoyethe fact that fg = - OCE +:9g) =f =g") it 


follows that fg is measurable. 
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Let f and g be measurable functions. From the equations 
£f Vg = S(£+9+ |£-gl) and fag = s(£+g- |£-9]) Lt tol lows 
that fvg and fag are meaSurable functions. Thus, the 
set of measurable functions on X is a vector lattice, and 


also an algebra. 


7. SEQUENCES OF MEASURABLE FUNCTIONS 

Next, we tee to consider some properties of sequences 
of measurable functions. We will see that the limit function 
of an a.e. convergent sequence of meaSurable functions is 


again measurable. 


fee THEOREM. If ee is a sequence of measurable functions 


Seesmic reeemecmeceene oo 


n n n 


ana lim f. are Measurable functions. 
a n mm mmm pm mm mmm 


PROOF. From the fact that 


Co 
feeesup £.(x) < a} = OUD tegen 
nN = n =n 
n n=l 
By Theorem 5.6, then this gives the measurability of 


sup f.: Miesresult £or ant ie , follows from the fact that 
n n 


ont ca ve ee and Theorem 6.1. 
n 


According to the definitions: 


Sia iene sup f£ and lim £. = stipeinf - 
n k n>k n te k n>k Y 
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byethne first part of this Theorem, it follows that lim sup fA 
| n 


ana lim inf f, are measurable functions completing the proof. 
n | 


| 
7.2. THEOREM. if f is a measurable function and f = g a.e., 


ww SS ee ee ee 


then g is measurable. 


PROOF. Let E =.{x:f(x) # g(x)}. By hypothesis, m(E) = 0. 


Now, 


ix:g(x) > a} = ({x:f(x) > a} U {xeE:g(x) > a}) - {xeE:g(x) < a} 


Since f is measurable, then the first set on the right is 
measurable. The last two sets form a partition of E and 
m(E) = 0; thus they are measurable. Therefore, 

{x:g(x) > a} is measurable for each a, so g is a measurable 


function. 
: | 
fee COROLLARY. If ue } is a sequence of measurable functions 


On some common domain D and if lim f. —sied-e., chen S74 


measurable function. 


PROOF. Let E = {x:lim f(s) =P) eee en mans) = On 
The values of f for x in E are insignificant, since every 
Subset of a null set is measurable. For xX inv bDi= BS, 

since {f,} converges, then f = a f,. the result follows 
Prom 7.1. ' 


The corollary 7.3 tells us that the class of measurable 
functions on X is closed under an even more general operation: 


that of taking a.e. limits. We know that the class of 
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continuous functions on X is closed under the operation of 
taking uniform limits, but not under that of taking pointwise 
limits. 

In the following section, we will enone the theory of 
a class of integrable functions on a measurable set ae the 


theory of measurable functions and measurable sets. 


8. INTEGRATION 

One of the simplest interpretations of a definite integral 
is that of the area under a curve. More generally, in this 
chapter, integral generated by a measure function, that is a 
generalization of the notion of area. We define the integral 
of a simple function as the sum of the "areas" under its 
constant sections and then, we extend by taking limits to 
get the integral of a more general function. 

First of all, we will show that any nonnegative, meaSurable 
function can be expressed as a limit function of a nondecreasing 
sequence of nonnegative simple functions. 

Recall that the characteristic function Xr of a set E is 
defined by 


iL i heer 


Xp (x) = 
0 elsewhere . 


Thus, the function Xp is measurable if and only if 


E is a measurable set. 
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Seelee) DEFINITION. Let E,rE5,. +E, be any finite class of 
disjoint, measurable sets, and let Ay rAgre ++ ay be any 
corresponding set of real numbers. A function f£:xX > R 


defined by 


is called a Sane LNG e LOM. 

Informally, a simple function is one which assumes a 
finite number of values and assumes each of these values on 
a Meenrabie set. Clearly, every simple function is bounded 
and measurable. 

Throughout this section the set E will always refer to 


a meaSurable set. 


Smee HEOREM. If £ 1s a nonnegative, measurable function 


en ee ee ee ee ee 


on a set E, then there exists a nondecreasing sequence oe 


——- oe Caren Serna ee eeeeeeaneeeenedaliiinemeenammiiiieeme sma ned 


of nonnegative, simple functions such that lim Be (x) = £(x) 


mm a i a eee 


PROOF. For each integer n, define the function given by: 


‘4 COG = < £ (x) < ~. ied. Seno” > 
2 2 2 

f(x) = 
n for f (x) ogi 


bor Gach xeE . 
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For example, let us look at fy and f. of this sequence. 


For each xe E, we have fi: 
For i = 1; . 
E 0 if 0 < £(x) < > 
£, (x) = 
1 Lf £(s) © 1 
For 1 = 2; 5 if >< el) aun 
£, (x) = . 
1 at f (x) 2 1 
For i> 3; 
£, (x) =] 
and f,; for each xeE: 
: iL 
0 Lf OR i (x) < Z 
2 af fF (x) ee 
1 = 2; a : a a 
ry ieee q Ss fx) < x 
£. (x) = 
2 alge £ (x) > 2 
1 = 3; 1 ‘ al & 
£., (x) = 
2 ie f(x) = 2 
i = 4; 3 ‘ 3 
| 7 nipe a < £( 3) eo ol 
£. (x) = 
2 alae fs) es 2 
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|v 


No] w 


BIE NR Blw 


£, (x) 


£, (x) 


£. (x) 


£, (x) 


f£. (x) 


[On 


| OV 


md] 
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Lf 


if 


1396 


ae 


ale fe 


abe 


ee 


ihe 


(ee 


u < f(x) 


f£(xje 2 


£, (x) 


7" £5 (x) 


[A 


mj 


>| 


| 





It is clear that each function fo is simple and nonnegative. 
Look at fy and f. above; we always have £, (x) > £, (x) EOr 
all xeE. By the same argument and by induction, we have 


that the sequence eed) is nondecreasing. 


Heeeet(x) <o , then for n > f(x) , We have 
Oe f(s) =f (x) < aS 
— n no 
2 
For f(x) = @ , then for each n, f(x) =iaesoO, in 


either case, we have 


lim f, *) = f(x) FORREVErY) < sine kb 
§ 

In the next several sections, our development of the 
integral is based on monotone sequences of simple functions, 
am@ein this connection Theorem 8.2 is vital. it tells us 
-that every nonnegative, measurable function is the pointwise 
limit of such a sequence. The following embellishments to 
8.2 will also be used to develop the definition of ‘the integral. 

The following theorem is a useful result in order to prove 


the others. 


8.3 THEOREM, Let f be a nonnegative, measurable function on a 


er a eee 


a 
ee 
Se ailinnammeeneenienen 


each simple function so ; {x:£, (x) # Oo} has a finite 
measure, and for each x, lim E(x) aa orien ade 
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PROOF. In order to prove the first statement, let 


{x:f(x) 4 0} = EU 


il at 


co 


aL 


and let 


n 
A = U E. for each n. 


Then a 1S a nondecreasing sequence of meaSurable sets, 
pememe characteristic functions X, forma nondecreasing 
n 
sequence of functions. If bob is the sequence constructed 


as the proof of 8.2, then the sequence {g,} defined by 


In i fn “aL 


is a nondecreasing sequence of simple and nonnegative functions 


the same as ee and an } and for each n, 
n 
eg eer Oy = xr fa (x) 70) O {x:x, (x) # 0} 
n 


is contained in which has finite measure. 
To prove the converse, we know that, if f(s) = 0 for 
every n, then lim £ (x) = £(x) = 0 , SO we have the 


contrapositive inclusion: 


{x:f(x) #4 O}C U {x:f, (x) Ol er 
n=l 


Setting EY = Loecae (ea) of le 4) {x:£, (x) ~ 0} 2 ‘Thus 
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ex) F OF 1) [ U {x:£, (x) 7-0}] = U £E 
. n=l ie 


so we have tte, = 


3 
1c 8 
ty 


The sets Ee are meaSurable and each has finite meaSure. 


Now we have the concept of the integral of a simple 


fmnction. 
Let £:X > R beasimple function with distinct values 
= ° — “ ae 
Ayreeesa,- Let E; {x: £ (x) as} ee iacte che ES sare 
disjoint, measurable sets, and their union is X. Moreover, 
by the definition of a simple fucntion we have 
n 


f= f-a 


* x 4 
i= 7 “Fy 


fee £ be a Simple function, and let E be a measurable set. 


We say that f is integrable on E if 


m(EQ {x:f(x) # 0}) < @ . 


Clearly, the definition is equivalent to the condition 


that if 
n 
(8.4) fi = is as Xr, 


n 
were a. ¢ 0, 1=1,2,...,n tien m( U (ENME.)) < = 
= i=1 = 


TO? 





If a simple function is integrable on X, we say merely 
that £ is integrable. Obviously, on Simple function is 
integrable, then it is integrable on every measurable set 
Mees. Lf the Simple function f described by (8.4) is 


integrable on a measurable set E, we define 


(8.5) iL = 
E 


lms 


, as m(EME,) : 
Memerollows Gasily from the additivity of m that if f is 


m m 

also equal to Fer be ¥ 7 othen. 2 f= 2b. mb Fr.) = 
— ae hie . a a 
i=1 ul E 1=1 


i.e. that the value of the integral is independent of the 
presentation of f, and therefore unambiguously defined. 

From the finite additive property of a measure m, we will 
have a useful property of integral of a simple function over 
the disjoint measurable sets as follows: With fixed f, we 
can consider fs f as the value of a set function defined on 


E 
Ene o-ring %@, for all Ee %, 


8.6. THEOREM. Let E, Eor--- rE, be disjoint meaSurable sets 


with 


egemlet £ be a simple function which is integrable on each 


me ee 
ee eee 


set Ej, then f is integrable on E, and 
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PROOF. Let A = {x:f(x) # 0} 


Since f is integrable on Ej el 2 een then 


m(EN A) = m(E, MA) < » 


nw 
I ms 
— 


So f is integrable on E by definition. 


Let 


By (8.5) we can write 


m m 
m(E 5 As) = 2 als _ 


ius 
— 
+ 
I 
m3 
Ilug 


a. 
mes 


f4- 


1 Soe e 


I 
lus 


: igh — 
a; m{ 3) ae : 


We turn now to a consideration of the basic properties 


Gf the set of simple functions. 


8.7. THOEREM. The set of simple functions that are integrable 


a eee 
ee ey en ee 


Minear functional on this set. 


ee ee 


PROOF. Let g and f£ be simple functions that are integrable 


on E, and let a and b be arbitrary real numbers. 
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First observe that 
eer (x) t+bg(x) # 0} C {x:£(x) # 0} U {x:g(x) # 0} 


sugee m(B {x:f(x) 4 0}) + m(EN{x:g(x) # 0}) < o , 
it follows from the above observation that af+bg is 
integrable on E. 


Next let 


m 
and ep lee 


Then for each i and j, it is the case that f and g are both 


constant on ASN B. oe aan Oi) — lis 2a) Lt 


x ce AN Ba Pee then 


f(x) = a. and g(x) = b; 
Thus, 
aa. + bb, for xe ALN BN E 
(aftbg) (x)= 
0 for x not in E. 
Therefore, 
f (af+bg) = (aa; + bb;) m(EN A, Ba) 
ee 


I 


: Qs 
aa; m(EN AO Bs) + bb. m(ENA; B5) 


f ee eo 


ENA,"B. ENA AB; 
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Since (af+bg)(x) = 0 if x is not in E, and 


n n 
aie) Ue (AG) B.). = ory 
i=1 j=1 4 


the result follows from Theorem 8.6. 
q 


We are going to find that a simple function is integrable 


on E if it is bounded by an integrable simple function. 


eee THEOREM. If the Simple functions f and g:X > R, 


if £ is integrable on E, and if for each x in E, |g(x)| < f(x), 


then g is integrable on E, and 


Tec ss Se 
E E 


PROOF. Let A= {x:g(x) # 0} and B= {x:f(x) # 0} 
Mereecain A, g(x) #4 0 and |q(x)| < f(x) - Thus f(x) # 0. 
Hemee, AGB . It follows that ENAC ENB; thus 


mia < =m{ENB) < ©. Therefore g is integrable on E by 
definition. 
Now let h= f£-g , then h is nonnegative simple function. 


It is obvious from the definition of the integral of a simple 


fieetion that sf h>0. 
E 
Also by Theorem 8.7 


( 2 Ge ff acy > Sie clase 
E E 


Thus te 
E 


Jabal 





The following results are required for our general 
discussion of integration in the next section. Moreover, the 
next theorem shows that the set of integrable simple functions 
on E and the integral on that set of simple functions possess 
the second property required for the Daniell development of 


integration. 


ee ee ee ee 


cme ee ere ee ee ee 


eeelim ft (x) = 0 for each x in E. Then lim / a = 0>., 
E 


PROOF. Let F {xeE:f,(x) # 0} and M= max{f,(x):x in E} 
Evidently f, <M x, for all n. 

Beeeneany € > 0 , define E = {xf (x) 2 e} . We 
assert that lim m(E) = 0. In any cease it is clear that 
Ee is a subset of F. We see that lim m(E,) = 0 results 
from the assumption that lim £, (x)=0 for each x. Since om 
have finite measure, it follows from Theorem 3.7 that Goes 
is a nonincreasing sequence of measurable sets, with 
lim m(E. ) =O. 


Since cee Cx) #0} is a subset of F we have 


£ Ee. Where f(s yo) E(x) 
Eon E n 


amet = xX aoe, 
n Xp n F-EL n En n 


fem allex. Since £, (a ep came = Ee and a < MX, 


te—eolLlows that 


Xp-E, *n £ °Xp-E s EXp and Xp tn < Xe. : 


Hence, f, < €Xp + XE . Thus, for each n, (by 8.7 and 8.8) 


pa? 





If, er TE) a: M-m(E,) : 


Therefore lim f fn £e-m(F) since lim m(E.) = 0. 
E 


However, € is an arbitrary number and m(F) is a finite number 


Gne@ependent of e: thus lim f ee Or 
E 


ae ee a ee ee eee Se ee 
ee COE eieceenanttttiemecnee? 


me ee ee em ee eee 


lim ff) = £(x). 
Then 
Minsk. = J £ . 
Tt n TT 


- 


PROOF. ee is a nonincreasing sequence of nonnegative 
simple functions that are integrable on E, and lim(i-f,) = 0. 


By Theorem 8.9, we have 


em Jf pees S Ns Gala 
E E 
g 
This corollary still holds if the sequence Cea is 
nonincreaSing because the sequence ie a); Satisfies all 


conditions in Theorem 8.9. 
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8.11. COROLLARY. If Cea) and ioe) are two nondecreasing 
Sequences of nonnegative, integrable, simple functions such 


maat £LOr each x abn 


em f(x) = lim g,(x) , then lim a eo te d g ; 


PROOF. For any fixed positive integer i, we have 
lim £, (X) cA g, (x) fOr aliliex cine By. 


mitiemeoy Corollary 8.10, lim ff > fg: for all i 
Ro Np, i 


Thus, Meee f  elaimey Gg 
nm Rt eon 
By interchanging the roles of ici) and {g,} in this 
argument, we get the reverse inequality, which completes the 


DrOOL. 
E 


Next, we are gOing to define the integral of a nonnegative 
meaSurable function. The importance of these theorems tells 
us that the integral of a nonnegative measurable function f 
is independent of the choice of the nondecreasing sequence 
oe} of nonnegative simple functions that are integrable on 
Beemeh that for each x in E, lim £, (x) = E(x) . 

The integral of a meaSurable function will be developed 
from the integral of integrable simple functions. This 


development will be accomplished in two stages. 
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8.2DEFINITION. Let f be any nonnegative measurable function, and 
let E be any measurable set. We say that f Pewinceqrable 

on E if there exists a nondecreasing sequence ioe of 
nonnegative simple functions, each of which is integrable 
-wetyecuch that for each x in E, lim Bes, = - (x) sand 


lim f 4 “Jaypee lf this is thercase, we define 
Le 


ere = Lams rE . 
iE E 
Matsmcondition is a standard one in the definition of 
integrability. Many authors distinguish between the statements 


“f is integrable on E" and " f f is defined," thereby allowing 


E 
the possibility that ff = 7 ., We will regard these 
E 
statements aS equivalent and so require that f/f f£ always 


E 
be finite. 


The foregoing definition calls for several comments. 
First, because of Theorem 8.10 for any monotone sequence {ff} 
Simimcegrable simple functions, lim / E exists in the 
extended real number system. Next, eee avis BS. tells us 
that the definition 8.12 is independent of the choice of the 
Sequence a because if we have two nondecreasing Sequences 
ies and {g,} of nonnegative simple functions, each of which 


is integrable on E such that for each x in E 


lim £ (x) = lim g,, (x) = £(x) and lim / i <o , then we 
E 
have 
Laine ot = jim / G = ff 
oa ae E 


Therefore the definition of ff is well defined. 
5 
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We recall that, throughout these sections "E" will always 
refer to a meaSurable set. 
We extend the domain of definition of the integral to 
include the functions which assume negative values. 
Recall that f = fVvO = max{f,0} 
and £) = £A0 = min{£,0) 
Both £* and £ are nonnegative and measurable from X into 


Peeeh 42f =f -£ . 


oe 3. DEFINITION. A measurable function f£:X > R is called 
: , ak = 
integrable on E if f and f are both integrable on E. 


In this case, we define 


iemeollows definition 8.13 that for any function f is 


integrable on E, then so is -f . 


Sma. THEOREM. If £ is integrable on E, it is integrable 
Sumevery measurable subset of E. Furthermore, if £ is 


nonnegative and integrable on E, then if SE; we have 


fae ff 


Jf Jf 
A E 
PROOF. It is integrable, then first if we take f is a 

nonnegative simple function, both results are obvious because 


if ACE , we have 


monn) ixst (x) 7 0}) = m(EQN {x:f(x) 4 0}) eo. 


1G 





Thus, if {f,} is a nondecreasing sequence of nonnegative, 
integrable, simple functions and if for any A is a subset of 


E, then for every n, we have 


otew<. of.et 
oe ae 
Thus, 
ine eet <i Ee 
(eee. Nn be 


and both results are extended to arbitrary, nonnegative 
integrable functions. The proof of the theorem is completed 
by noting that in definition 8.13 integrability for any 
function is defined in terms of the integrability of non- 


negative functions. 


Because of Theorem 8.14, we frequently speak of an 
integrable function, meaning integrable on X; Such a function 


is necessarily integrable on every measurable subset of X. 


9. ELEMENTARY PROPERTIES OF THE INTEGRAL 
The purpose of this section is to extend the properties 
of the integral of simple functions to the integral of 


functions in general. 


pei. THEOREM. Let E,/E gree erEL be disjoint measurable sets 
m 
With E= WV Ey and Jet -£ be integrable Onyectemeset Ey 
eae tt aot Sone po No hee alle 
m 
Then f is integrable on E, and foie £F 7 
a aa E ee 


iy 





PROOF. If £f is a nonegative, integrable function on E 


k 
then there exists a nondecreasing sequence tier of nonnegative 


Simple functions, each of which is integrable on E,, such that 


for each x in E 


k 
im als) = f(x) 
and Jere = Jim ef cee po R= eve mM 
E i, 
k k 


mi nNeorem &.6, the result in question holds for simple 


functions so we have 


m m 
2; a uma leaks 1 tees 8 a = lim( 2 uf i) 
k=1 Ey k=l Ey k=1 Ey 
= lim f/f eo = ff 
E E 


Therefore, the desired result holds for nonnegative 


functions; the general case then follows from 8.13: 
ef = ff et ; 
E E E 


where f and f are both nonnegative integrable functions 


on E. 
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In the next theorem we will establish that the class 
ong integrable functions over a measurable set E has the 
Structure of a real linear space and that the integral on 
EaateeclasS acts aS a linear functional. Thus ene class of 
integrable functions forms an important object of study from 


the point of view of functional analysis. 


ememeetHEOREM. The set of integrable functions on E is a 


ce ee ee es em 
meme ee es 


am ee ee en eee 


PROOF, if £ and g are both integrable on E, and if a and b 
are arbitrary real numbers, we will show that af+t+bg is 


aiatecrable on E, and that 


f(aftbg) =as£ + bsg 
E E E 


Il 


Observe that for a>oO, ay 
enaetor a< 0, (af)’ = af and (af)” = af’ . From these 
facts and Theorem 8.7, if ea is a nondecreasing sequence of 
nonnegative simple functions, that are integrable on E, such 
that for each x in E , lim ge ot (so)e ania meeleime a! fon? 


E 
from Theorem 8.7, a property of the limit we have 


feat = lim / at Ss at JF e oc So ae 
E ae E E 


Hence, we need consider only the case a = b= 1 


ia) 


aft Aa aya (ene) 2 (eens 


e 
a 





Next, we divid@e X into the following sets: 


pei x>f (x)ig(x) > 0} 
Dee xst (x) > O; g(x) < 0} 
C= 1x:f(x) < 0:Gq (x) > 0} 
On thes set A, (f+g)* = £* + g” andumrCG iq) rs tgs 
Then by Theorem 8.7, 
teetf+g) = Jo lin feet gajiee— lim ean (t eo) 
ENA ENA ae Ena 


SEU iy aE eee deehuhe Zh a 
ENA ENA 


I Mone as JOG 
ENA ENA 


We divide B into two sets 


wo 
I 


Piet son ee) tio jar sO) 


es) 
I 


peas) 1x: f(x) g(x) < 70} 


Each of the following relations follows from Theorem 8.7 
becauSe in Bye (eG) 20) Cdndsan Bo, rt cd) Oe mse) We 


have 


f GES Gg) i gue. ap ee) aa [GE <2 te, 
ENB, Eee eee 


if f + f g 
ENB, ENB, 
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and 


= f (fg) =. 6) {i tq) = of lim(-f,-g,) 
ENB. ENB. ENB, 
ce coc a (ore Joe dhabil ol (=e) 
ENB. ENB. 7 


if (-£f) + ff (-g) = -( ff £ + f g) 
ENB, E(B ENB. ENB, 


ghe set C may be treated in a similar manner. 


Finally, by Theorem 9.1, we have 


ect CG I MGB erie ar is CE) ee Cie) 


E ENA E(B, ENB 


ee ee eer ee rey G 
Bna& ENA EfiB ER a aA 


i 
—, 
Hh 
+ 
oh, 
.Q 


Pee THEOREM. If £ is any integrable function and if 


ee me a ee ee ee 


meni = 0, then f/f f=0. 
E 


PROOF. If f is a simple function, then by definition 


f f= 2 a; m(EN E,) = 0, because 


tl 
i=) 
th 
O 
Ky 
@ 
~~ 
~~ 
- 


m(EQE,) < m(E) 


ra 





If f is any nonnegative integrable function corresponding 
PeeDetinition 8.12 we obtain fs f = lim Sf fT = 0 because 
of the above result. ; : 

[Tif 1S any integrable in general fice, then by 


Definition 8.13 


We have shown that the integral of any integrable function 
is insignificant over a set Of measure zero. From that 
concept, we next discuss more on what we have considered in 


Theorem 8.14. 


Bem tonOREM. If £ is integrable on E and if f£ > 0 a.e. 


on E, then 2 PCbecw eG he Eee we have 


£ ce 0 and 


+ 
PS 


PROOF . 


Pe is-f(s)) =< 0} ©, then mir) = 0, 


ema f £ = 0 by 9.3. 
F 


It follows Theorem 8.14, the results are true on the 


measurable set E-F. 


Now, for every ACE, we show that Jf f£ > 0 
A 
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From the fact that A = (AO (EB =F) OMA Py joe Een 


ffs f LG’ Wht OF? Saw eG) < 
A AN(E-F) ANF ~ 
Now, for all ACBCE, we have 
B=AU(B-A)NE , 
Ehus , 
eof = J £ + Jf £ 
B A (B-A)NE 
Since Jf i720 by the first result.) then 
bE=A) {i 


eie> Sf for every AC BCE 
B A 


completing the proof. 
Q 
9.5. COROLLARY. If f and g are integrable Oneaeana 2f 


Mee a-c.-on E, then ff<JSg. 
E E 


PROOF. By the theorem, since g-f > 0 a.e. then 


Sf (g-f) > 0; the result now follows from Theorem 9.2. 
E : 


Next we extend the validity of Theorem 8.8 to the general 


case Of the class of integrable functions. 


Seow tHhOREM. if 0 < £< g a.e. on E, if f is measurable, 


Mieettegders integrable on E, then f is integrable on E. 
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BeeOr- Let A= {x:f(x) > 0} and B = {x:g(x) > 0} 

Since ioe, If xeA, then g(x) 2 f\x)ee 0, “SOx ERB, 
Or ACB. Since g is integrable, then there exists a 
nondecreasing sequence cme of nonnegative simple functions, 
eaemeer Which is integrable on E (i.e. for each n, 

{xg (x) > 0} has finite measure). Then by Theorem 9.3, B 
is a union of a countable number of measurable sets of finite 
measure, and so is A. Since f is a meaSurable function, by 
Theorem 9.2, there exists a nondecreasing sequence We | of 
nonnegative, simple functions converging pointwise to f. Since 
A is the union of a countable class of measurable sets of 
finite measure, then by 9.3, for eachn, (x: (x) > 0} has 
finite measure, inother words, f.. is an integrable simple 


n 


function. Thus by corollary 9.5, we have 
fee |g <= for all n, 
E 


Hence, 


iL fe = o.oG & 15 integrable on E. 
E 


bmg COROLLARY. A measurable function f is integrable on E 


ce 
lll nee 


if and only if |f| is integrable on E. 


PROOF. Now, 


Byeberinition 8.13 if £ is integrable on E, then so are f 


and f . Hence, by Theorem 9.2, |f£| is integrable on E. 
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Conversely, suppose | £| is integrable on E. Now by Theorem 6.1, 
a iS a measurable function if f is. Moreover, since 
Meee = (f| - £ < j£| , it follows from Theorem 9.6 that 
f" is integrable on E. A similar argument applies to f . 
GiaerefOre £f is integrable on E , concluding the proof. 
G 
The same argument as Theorem 5.3 in Chapter I, the class 


of integrable functions on E is a vector lattice. 


eee COROLLARY, If f is a measurable function, if g is 


integrable on E, and if |f| < g a.e. on E, then f is 


mitegrable on E. 


PROOF. By Theorem 9.6, |f| is integrable on E, hence by 


Corollary 9.7, £ is also integrable there. 


Pe ePCOROLLARY. if f£=g a.e. on E and if g is integrable 


@mee, then f is Pitegranlevons sand 


if ae °C es 
E E 
+ = = 
PROOF. Since O<f <g ancdwons = = ¢g a.e., 
by Theorem 9.6, a and f are integrable on E. Therefore 
# is integrable on E by definition. The equality of the 


integrals now follows from 9.5. 
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eeiee THEOREM. If f is integrable on E, then 


Pelee ee te ae 


E E 


PROOF. Recall that |f| = £ +f . Since Sf +S £ 
E E 


are both nonnegative and f = f -f , from 9.5, we have 


Mrtl =| fer -s t7| 
E E E 
<max{ J £ , Sf £7} sas fi +f £ 
E E E E 
= f |f| , completing the proof. 
E 


Peeve THEOREM. If- £ > 0 a.e. On E and if f £ = 0, then 


E 
f = 0 a.e. on £E. 
PROOF. Let A = {xe E:f£(x) > 0} . For each integer n, 
let es {xeE:f(x) > +} ; then {AL} is a nondecreasing 


sequence of measurable sets, thus lim An = A because of 


fxcE:£ > Lim (=) = O}=HA, 
n 


Mhis lim m(A,) =m(A). If m(A) > 0, there is ann such 
n 

that m (A, ) > 0. BY 924 ond. 9.5, since A,CE and f > 0 
a.e. then 

eu f° sf > of dae mia.) > 0 

= ee =e n n 

AA n 

This is a contradiction. So m(A) = 0 or f = 0 a.e. oneE. 
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9.12. COROLLARY. If f and g are both integrable on E and 


mame £- J g- fOr every ACE , then f=g a.e. on E. 
A A — 
PROOF. Let E, = {xeE;f(x) > g(x)}. 


Then by hypothesis 


iatt—o)— 0" ; 
2 


Hence, by the theorem, g = g a.e. in Ey ee oimaslarl yy 


jueece-c. in E, = {xeE:f(x) < g(x)} , and 


ier —oietes (f= g) = 0 


jeg) = 0 . Now, ff (£-49) 
B 1 oe 


Eo E 


ieee, by the theorem £ -g=0 a.e., on E. 


10. SOME CONVERGENCE THEOREMS 

In this section we present some of the most important 
convergence theorems belonging to the general integral. The 
first of these theorems is often referred to as the Lebesque 


Monotone Convergence theorem for integrals. 


20.1. THE LEBESQUE MONOTONE CONVERGENCE THEOREM. Let oa 


be a nondecreasing sequence of nonnegative functions, that 


ne Oe ee ee ee 


lim f, =~ £ a.e. on E. Then £ is integrable on E if and only 


ao lim f fT <© , and if this is the case, then 
E 
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PROOF. For each n, f.. is a nonnegative integrable function 


on E, then by definition, there exists a nondecreasing sequence 
Cc 


of nonnegative integrable simple functions Ue aged converging 
. k=1 
pointwise to f.° 


a fu, (*) = £ (x) , gives the array 
fui fh5 Be we4 6 fuk See > fy 
fo £45 ‘eo fo. ae i f. 
fl £42 Gi cee tk Pee A fF 
We define h. = max f._. 
iquil 
n<i 


PeriSeclear that th, } is a nondecreasing sequence of 
nonnegative, integrable, simple functions, and Since eed 


is a sequence of nondecreasing functions, for each n andn < i 


fs < hh. < max fn = f. (1) 


ke ee See : 2 
geal 


So when i7° , for all n, we have 


ty < dain Jove 


oye ac 
* as ae 


By hypothesis, then we have lim ae Jam has = £ ave. 
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Corollary 9.9 takes care of the exceptional point-set of 
measure zero. BY Definitteom 8.12, if lam £ h; < © then 
E 


f is integrable on E and 


a mew! h. =e, 
E E 


However, from (1) above, and 9.5, we have 


Be lee eee for ali i. 
Ei-p i 
Thus 
J ee a yea h, avi fn (2) 
E E = E 


Now, the converse of the theorem is that if lim f i <<, 
E 
then we have f£ is integrable on E by (2). 


Moreover, Since een) is a nondecreasing sequence, then 


Ea < £ a.e. for each n. 
Thus f fn <a iee & fer all n- 
E “FE 
Then 
Pam. J th = ieee 3) 
E E 


iimis, 2: £ 13S antegrable on BE, then lim f =F < ©, 
E- 


Together with (2) and (3), this completes the proof. 
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The following result is an immediate consequence of 


Theorem 10.1 and is sometimes more convenient to apply. 


10.2. COROLLARY. Let {f,} be an a.e. nonnegative sequence 


of functions, each of which is integrable on E. If 


cm ee wre me a ee ee 


y £, (x) = f(x) a.e. on E, then f is integrable on E if 
nell 


fee) 
and only if Dae: f. fsecomvengent, and if this is the 
n=l E omer ae ta oe —— 
case, 
| a Name fh : 
E n=1 E 
PROOF. Let 
a 
h. = <= £ . Then {h.} is a nondecreasing 
at ayer me: i 


L 


Sequence of nonnegative functions, each of which is integrable 


on i, Also, 


By the theorem, we have 


lim f h; = jo tim h; = a oy ft.) = if; te 
oe E E n=l E 
iat 1S, 
n=1 E E 
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10.3. COROLLARY. Let {f,} be an a.e. nonincreasing sequence 


emma ee ee ee 


that ee < = : het 
—— ; a 


iain tee= £ Sa.e., then “fim ff = f £ . 
s pe il eo 


PROOF. Now, eee is a nondecreasing sequence of 


nonnegative functions, each of which is integrable on E, and 


el (£, - £,) (x) = Eee 2 ae) ase, on E. 


Thus by the theorem 


iam oe Got.) = ff (£. = £) 
mn  E 7: = E 
or Lin! fo = f £ 
E E 


In Chapter II theapproach of the Monotone Convergence 
theorem iS a consequence of Levi's Theorem 6.2. In this 
chapter, we approach directly from the definition of non- 
negative integrable functions. But, the important purpose 
Sietnas theorem is the same thing, that is to find out the 
conditions for which a limit function of a sequence of 
integrable functions is integrable. 

Next, we turn to another important theorem. If f is 


integrable, then f is integrable over any measurable set 


Si 





belonging to o-ring of measurable sets Mb, We will extend 
the Theorem 9.1 which is still valid in case of a sequence 


of disjoint measurable sets. 


#024. THEOREM. Let WE } be a sequence of disjoint measurable 


foe} 
Sets, and let E= u_ E, . Let f be a nonnegative measurable 
n=1 
mimetion that is integrable on each set En ° then pat. 1S) 


sm ee ee ee eee 


Geet = 5), omete A 
E n=l E 
2 
PROOF. For each i, let Rees En een elem A. = E_E 
n=l 


Next, let the sequence eee edetined (by 


fc) Sire oe in A. 
ft. (x) = 


0 otherwise 


Then {f.} is a nondecreasing sequence of nonnegative 
functions, each of which is integrable on E because A,CA.,, 
for each i and if f is integrable on E, so is f.. From 


9.1,we have 
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B 
Later on, we will find other conditions which guarantee 


that 


However, this will depend on the manner in which fees di 
converges to f. In the case of a.e. convergence, the strongest 


statement that holds in general is the following one. 


10.5. LEMMA (FATOU). Let eae be a sequence of nonnegative 


integrable functions on E satisfying lim ctx) atx) a-e. 
n 


e 


ie lam f fh <o , then £ is integrable and moreover 
ene EF as eae ees 


or (= levine int : 
5 aa ED” 


PROOF. Recall that lim ear (fA f,,44 Sate Af5)) 


Het g_(x) = inf{f,(x)in < LJ) telyteiel te (emeas iemeotiauehe 


sequence isiahh is nondecreaSing. From Corollary 9.5 
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S i £ Loreen | 
E 
it follows that 


jagmcoul imi ff  < ok , 
_— mn E ” 


since lim g,, (x) = lim Es) i(<)ea.c. On. E.. 


ol 


It follows from Lebesque monotone convergence theorem 


that f is integrable on E and 


oor = line Gow—elim sof ; 
BE 


Using the fact that lim a =lim(=f,) we obtain a 


fesult Similar to Fatou's lemma for the limit superior. 


eee ee ee eee 





functions on E With lim £ x) = f(x) a.e. and let 
n 





Pim fh. > =o , then f is integrable on E and 
n E oe ee aa 





foe = leis Sy f : 
BE vn E 
From the two previous lemmas we obtain the following 


important theorem. In order to have 
fai fs “= lini ; 
E 9 EoD 
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the conditions of the Lebesque Monotone Convergence Theorem 
are difficult. In the following theorem, we have better 


conditions to get our purpose. 


10.7. LEBESQUE DOMINATED CONVERGENCE THEOREM. Let ae } 


be a sequence of integrable functions on E such that {fy Coy 


mmr ee a eee 


converges a.e. on E and for all k, |f,| < g a.e. on E for 
Bemesintegrable function g on E. If lim Ey (x) = £(x) a.e. 


Omee, chen £ is integrable and 
syut fg ek 
E E 


PROOF. To prove this theorem, we uSe a similar argument from 


Lebesque Dominated Theorem 6.8 of Chapter II. 
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CONGCEUSIONS: CONNECTIONS OF THE TWO APPROACHES 


The purpose of this thesis has been to help the reader 
round out his knowledge of integration and measure theory; 
to understand the approach via linear functionals aS well as 
by the more standard approach via measure theory. Each 
subject is developed fairly completely from these two points 
of view although the procedures are quite different in each 
case. 

ii Chapter I_, we developed a theory of measurable functions 
and their integrals without any use of a theory of measure. 
We then used this theory of integrable functions in order to 
develop a theory of measurable functions and measurable sets. 
On the other hand, in the last chapter, we began with an 
arbitrary measure space from which we constructed, first a 
theory of measure in terms of set-functions, and then a theory 
of measurable functions. Finally we used this theory to 
develop a theory of integrable functions and their integrals. 

The questions that we must now ask ourselves are the 
following: Suppose we take the measure space (x, AG, m) 
determined by the integral as explained in the first approach, 
maemmuse the methods in the third chapter. Will the resulting 
classes of measurable functions and integrable functions then 
be the same as those previously obtained in the second 
chapter? And will the values of the integrals be the same? 
We will now demonstrate that both of these questions are 


answered affirmatively. 
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In order to keep our ideas clear, we must distinguish 
between the notions of integrability and measurability for 
functions in the sense of the two chapters. A function that 
is measurable and integrable in the sense of Chapter I will 
be called D-measurable and D-integrable, respectively. Likewise, 
a function measurable and integrable in the sense of Chapter III 
will be called m-measurable and m-integrable, respectively. 
The class 4G of measurable subsets of X in the first approach 
will be taken as the class of measurable sets in the second 
approach. 

Pecoraing to Proposition 7.9 in Chapter II, if satisfies 
Stone's Axiom (f on implies 1Af ay I enenwgene constant 
function is a D-measurable function and we can Say that X is 
a measurable set. In Chapter I, the theory says that X 
is in (Theorem 4.5; Chapter III). Thus, in order to 
prove that the theory of integration developed in Chapter III 
is equivalent to the theory developed in Chapter III, we need 
to remember that X is a measurable set in Chapter III (since 
in Chapter II we accepted Stone's axiom, Proposition 8.3, 
Shapter II). 

In the following theorem, we will show that the classes 
of D-measurable functions and m-meaSurable functions are 


equivalent. 


me) THEOREM. Let £:X > R. Then £ is a D-meaSurable function 


if and only if £f is m-measurable. 


oy 





PROOF, We use the criteria for m-measurability expressed 
mimoneorems 5.6 and 5.7 of Chapter III. First, suppose f 
is a D-measurable function. For any given c in R let 

E = {x:f(x) > cl . Define the sequence of D-measurable 


functions 


fi nf - (£Ac)) 
Miere ¢c is the constant function with value c for all xeX. 

Since x e fb, Eien ts a D-meacurable function and so is c. 
Bias fAc , and hence Ean are D-measurable functions. Let 


g, = LaAf, - We will show that {g,3 is a nondecreasing 


n 
sequence of functions which converges to Xp (the characteristic 
function of the set E). 

If xeE, we have f (*) =i (iia C)— tends to +o as n 
Gends to - . Thus g,, (x) = ] Af, (x) = 1 for n large enough; 
thus, 9g, (x) EendS=toO lk. 8Ulo< 1s in X—E, then f(x) Ac = £(x), 
and g, (x) = £,(x) = 0 for all n. Now, since g, is 
D-meaSurable and lim di, = Xr is also D-measurable by 
Proposition 7.6 (Chapter II), then E is a meaSurable set by 
definition. To complete the proof that f is m-meaSurable. 

By Theorem 5.6 (Chapter III), E is a measurable set, and by 
5.6(1), 5.6(4) and 5.7 (Chapter III), £ is a m-measurable 
function. 

Conversely, suppose that f is m-meaSurable. It follows 
mromebneorem 6.1 in Chapter Iit that f* and f are m-measurable 


+ 7 
functions. If we show that £ sand £f are D-meaSurable, it 
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follows £ 1S D-measurable (Proposition 7.5 in Chapter II). 
Hence it suffices to consider the case in which f > 0. Then 
we complete the proof by constructing a nondecreasing sequence 
{g_} of D-measurable functions which Conver ces EOua: by 
Proposition 7.6 (Chapter II), f is then D-measurable. 

Let E = {x:f£(x) = 0} and F = {x:f(x) = -} . Since f 
is m-meaSurable ‘and X is a meaSurable set, by Theorems 5.6 
aageo./ (Chapter III), £+([0,}) is a measurable set. 
emeec & = X = {x:f(x) > 0} is a measurable Set as in 
the proof of Theorem 5.7 (Chapter III) we have that 


f tito) =x - YU £ +{f0,n}} 
n=1 


is also a meaSurable set. The same holds true of F. Now, 


cheese a > 1 and consider the sets 


E; (a) = eae < £(x) s sy 


By Theorem 5.6 (Chapter III), these sets are meaSurable. 


Moreover every point of X belongs to exactly one of the sets 
E, F, E, (a), E, (a), E_, (a), E,(a), E_, (a), ec 


Befine the function h as follows: 
Coo dr wocee, 


h(x) = 
04° Otherwise. 


139 





Then h is a D-measurable function because for every function 
g which is D-integrable, aly tn Ag) = -g is D-integrable 
by definition. Let h; be the characteristic function of 
the measurable set E;(a) so that h; is D-measurable for 


all i by definition. Then the function 


is a D-measurable function (Proposition 7.5, Chapter II) for 
each n. This is a nondecreasing sequence of functions which 
Eenverges to a limit function f. as n tends to ©, and this 
Pimet function - is D-measurable. Moreover f. has the values 
0, +o, and a on E, F, and E; (a), respectively. 

Next, we choose a sequence fa,} of values for a converging 


decreasing to 1. We also choose some fixed 6>1 and let 


On l=-n 

a = 6 , where Oe = 2 . We see that 
1-(n+1) l-n-1 _ ell 
a ea 2 2 eel Z ‘ 
Ee lye Se : 

Thus 2 an lero} mer: OO an Since an PieetOu all on, 

a ae i i+] _ _2i+2 
then antl is between an and an ( = antl ie thas 


means that 


By (an) = Eo; (an. UY Bos4y (anid) - 
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Now, let g, = f, . Then tg} is a nondecreasing 
n 
sequence of functions since tee } is nondecreasing by 
n 
Semiivtion. Also, for all xeEUF and for alln, 


g,, (x) = f(x). Finally we have that for any eo) 
et : : 
On < £(x) - g, (x) < an > ie = eel) < f(x) (a, - 1) 


Therefore, when tan) converges to 1, we see that {g,} converges 
pointwise to f. Thus, f is a D-measurable function as claimed, 


completing the proof. 


Because of the previous theorem, from now on we will 
simply refer to the class of D-meaSurable fucntions or the 
GmieseC! m-measurable functions as the class of measurable 
amet lons . 


Next, we will consider the question of integrability. 


Meee ORri. Let £:X > R be a measurable function. Then 


emo eticcorable if and only if £ is m-integrable; and in 


eee ee 


mi ee 


Preiss we Only prove the theorem for the case £ > 0. The 
general case then follows by using the decomposition f = f -f 

For convenience, we denote by L(p) and am the classes 
of D-integrable and m-integrable functions, respectively. And 
we denote by I(f;D) and I(f;m) the integrals of f when 


£ f(D) oie He aot , respectively. 
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Suppose that f£ > 0 and that either £ EetD) Or 
fe aD) . Then the function f is meaSurable and we can 


Senstruct the functions h, h.,-f and g, just as in the 


Ae 
proof of Theorem 1 give above. Either f Bn) or £ ed(m) , 
in order the integral of f exists, it implies the m(F) =0 , 
where F = {x:f(x) = »} ; thus by Corollary 6.5 (Chapter II) 
and Theorem 9.3 (Chapter III), f is both D-integrable and 
M-integrable and I(h;D) = I(h;m) = 0 . We also have that 


Geen. < ae 
— i> 


pe oInce h; is measurable, f is D-integrable 
implies that .h; is D-integrable. Likewise, f is m-integrable 
implies that h; is m-integrable. In either case, since h; 

is a characteristic function and m(E; (a) ) eu | ee nel stn g| 
meecording tO definitions 9.1 (Chapter II) and 8.5 (Chapter III), 
h; belongs to both Y (p) and Ges . Moreover in either case 


of the hypothesis on f, 
I (h; 7D) = I(h; ¢m) = m(E; (a)) 


Next, let Le =h + 2 h; sehen for each n, ats 
i=-n 


belongs to both Y (p) and “Cin . Moreover, ee isa 
nondecreasing sequence of functions that converges to f. ; 
and f. ete Or every ani, I (H,, 7D) = I (H,, +m) = and the 


sequence {I (HD) } is bounded above: 


by L(f£:D) if £ eX (p) ; and by I(f:m), if fe oC (m) 
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By the Monotone Convergence Theorem (of either case) we can 


conclude that f. belong to both f wp) and Cee and that 
I(f£,;D) = I(f im) rf 


Finally, replace a by a, so that f. becomes Gye and we 
have that the nondecreasing sequence {g,} of nonnegative 
integrable functions converges to f. By the exact same 
argument we then have that f is integrable in both Senses, 


and that 


ick) = 1 (f-m) 


This concludes the proof. 


We have come full circle as was claimed in the introduction 


to this section. 
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iS. 
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